PS9-CHUYEN PE 1. BIEN POI PAI SO
A.LY THUYET CAN NHO

1. Can thic bac hai

-Can bac hai cua sb thuc ala sé thuc xsao cho x? =a.

-Cho sb thuc a khong am. Can bac hai sé hoc cua a ki hiéu Ia ~/a 1a mét sé thuc khong am x ma

binh phwong ctia n6 bang a:
a>0 x>0
= 2

“V6i hai s6 thuc khong am a,bta cé: a<vb < a<b.

-Khi bién dbi cac biéu thirc lién quan dén can thirc bac 2 ta can luu y:
A , A>0

+ VAR =|Al=1" néu
-A A<O

+ AZB=W\/§=A B véi AB>0: AZB:‘Nfz—A Bvdi A<0:B>0

J_ AB —TT-éiABZQBio

MAA

= véi A> 0; (Day goi la phép khir can thic & mau)

v M(JAsB)
"Jaide  AB

2. Can thirc bac ba, bacn

véi A,B>0,A = B (Paiy goi la phép truc cin thic & mau)

a. Can thirc bac 3

Cin bac 3 cia mot sé aki hieu 12 Yala sé x saocho x* =a
3

-Cho ae R;§/5=x<:>x3=(§/a) =a

-M&i sb thuc a déu c6 duy nhat mot can bac 3.

Néu a> 0 thi ¥/a>0.
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‘Néu a<0 thi Ja<o.
‘Néu a=0 thi Ja=0.

a_Ja

-3— =— vG6imoi b=0.

b o
-3fab = a/b vei moi a,b.
-a<b<:><°’/5<3'/5-
-A¥B=¥n%B.
#E:W voi B=0

B B

1 ImFiaB+3B?
In+iB A+B

b. Can thirc bac n

voi A= +B.

Chosé ael,nel,n>2.Cinbac n caa motsd a la mot sé ma liy thira bac n cua nd bang a.

-Truong hop n lasb lé: n=2k+1L ke N

Moi s6 thuc a déu c6 mét can bac Ié duy nhét:

%Ya=xo x> =a néu a>0,thi *¥a>0, néu a<0 thi *Ya<0, néu a=0 thi *Ya=0
-Trudng hop n 1a sb chan: n=2k,k e N.

Moi s6 thuc a> 0déu co hai cin bac chin dbi nhau. Can bac chin duong ki hiéu 1a 25/5 (goi la can
bac 2k sé hoc cua a). Can bac chin am ki hicu 14 ~%/a,2fa=x < x>0 va x* = a
Afa=xox<0vax*=a

I1. MQT SO DANG BAI TAP TIEU BIEU

Dang 1: Thu gon céc biéu thire dai sé va tinh gia tri cac biéu thiic.

Phwong phap:
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Bién dbi cc bidu thuc trong ddu v/ vé dang v A? = W sau d6 dua vao diu cua A dé mo dau gia tri

tuyét doi néu co.

Ngoai ra can nim duoc cac dang thirc co ban quen thudc:

ab+bc+ca=m= a’+m=a’+ab+bc+ca=(a+b)(a+c);

a+b+c=n=na+bc=(a+b+c)a+bc=(a+b)(a+c);

1 1 1

Vi abc=1 thi + + =
a+ab+1 b+bc+1l ca+c+a

1. 1.1 (1.1
a® b ¢& la b c

2
Néu a+b+c=0thi a®+b*+c®=3abc,— +—+— = —+—+1J vai abe = 0.
Vidu 1.

R0t gon céc biéu thic:

a. A=+/x— x—\/;+% khi x> 0.

b. B= \/4x—2\/4x—1 +\/4x+2\/4x—1 khi x> %

c. C=J9—\/5J§+5\/8+1o\/7—4\/§

Léi giai:

a AJ_/J_%I /(&_g k-

1 1 1
Fiogl k3=

1
&_5\

+ Néu \&zéaxz% thi

+ Néu &<%©OSX<% thi

1 1 1
Jx—Z|l=—x+== A=2x-=.
X 2‘ X+2:> >

b. B:\/4x—2 4x—1+\/4x+2\/4x—1 = B:\/4x—1—2\/4x—1+1+\/4x—1+2\/4x—1+1
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2 2
Hay B:\/( 4x—1—1) +\/( 4x—1+1) :‘\/4x—1—1‘+‘\/4x—1+1‘:‘\/4x—1—1‘+\/4x—1+1
+Néu ax—1-1>0 4x-1>1c xz% thi ‘\/4x—1—1‘=\/4x—1—1 suy ra B=2v4x -1,
+ Néu \/4x—1—1<0<:>4x—1<1c>%£x<% thi ‘\/4x—1—4=—\/4x—1+1 suy ra B=2.

c. Bé y rang: 7—4\/5:(2—\/5)2 =\7-43=2-13

Suyra C= \/9—\/5J§+a/8+10(2-J§ - \/9—\/5\/§+5\/28—10\/§

:\/9—\/5\/§+5«/(5—\/§)2 Hay C=/9-/5v3+5(5-3) =y9—v25 = o5z =2

Vidu 2.

Chang minh:

a. Tinh A=1/8—4y3 —+/8+ 443
b. B= #1+@ +§/1—@ 1a mot s6 nguyén

(Trich d@é Tuyén sinh vao 16p 10 chuyén Trieong THPT chuyén PHQG Ha Néi 2006).

3

¢. Chtrtng minh rang: Xzi/a+_a+1 83_1+§/ a+1l [8a-1

. 1, .
voi a>= laso tu nhién.
3 3 8

d. Tinh x+y biét (x+\/x2 +2019)(y+,/y2 +2019): 2019.

e. Cho cac sb thuc x,y thoa man: (x+«/y2 +1)(y+\/x2 +1):1. Tinh gia tri cuia x+Y.
Loi giai:

a. D& thidy A<0,
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Céach 1: Taco

_ (\/8—4\/5 8+ 4\/§j2 _8—43+8+ 43— 2484438+ 443 =16-24-8

Suy ra A=—+/8=-24/2.

Céch 2: Ta viét lai

A= (V62 - (V6 2] =[V6-V2-[6+V2|= 6 -2 -6 2= -2\2.

b. Ap dung hing déng thirc: (u+v)3 =u®+V* +3uv(u+V). Taco:

=

9

9

Hay B® = 2+3\/[ S“JL :4] Bo B = 2+313/1—%B<:>B3:2—B<:>B3+B—2:O

2
<:>(B—1)(BZ+B+2):O ma BZ+B+2:(B+%j +421>O suy ra B=1. Vay B Ia sé nguyén.

11— 3
9 9 9 9

SRR ) i)
9

c. Ap dung hang dang thuc: (u+v)3 =0+ Vv +3uv(u+v)
Taco x3:2a+(1—2a)x<:>x3+(2a—1)x—2a:O@(x—l)(x2+x+2a):0 (1)

Xét da thuc bac hai x*+x+2a véi A=1-8a>0

+ Khi a:} taco x=§/i+§/i:1
8 8 8

+ Khi a>:—é, tacd A=1-8a am nén da thic (1) c6 nghiém duy nhat x =1. Vay voi moi azé
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a+1 [8a-1 a+1l [8a-1
Taco: x=3a+ T 3 +3a

=1 14 s6 tu nhién.

d. Nhan xét: (M+ x)(M—x): x? +2019— x* = 2019.

Két hop véi gia thiét ta suy ra vx? +2019 —x = +/y? + 2019 +y

= y2+2019+y+M+x:M—x+M—yc>x+y:0.
Téng quét ta co: (\/xz_m+x)(m+y):a thi x+y=0.

e. Nhan 2 vé dang thirc véi: (x—\/1+ y? )(y—\/l— x2) ta co:

(xz—y2 1)(y2—x2—1) Xy — X N —y1+Vy? +\/1+x 1+y
x2—y2—1)(y2—x —~ ) 2xy+2\/ 1+x 1+y) (x+\/1+y )(y+\/1+x2).
-y

)_2xy+2\/1+x 1+y) 1<:>2(1 xy) ( —y2)2+2\/(1+x2)(1+y2).

Hay 2(1—xy):(x2—y2)2+2\/(xy—1)2+(x+y)2 :>(1— xy)z\/(xy—1)2+(x+ y)2 z‘xy—:q
Déu ddng thtc xay ra khi va chi khi (x+y)2 =0< x=-y hay x+y=0.

Vidu 3.

a. Cho x:\/4+ V10+24/5 +\/4—\/10+ 2/5. Tinh gié tri biéu thic:

X =43+ X% +6x+12

P= 2
X*—2X+12

b. Cho x =1+ 32. Tinh gia tri cua bidu thac B =x*—2x* + x> —3x* +1942.

(Trich dé thivao I6p 10 Truong PTC Ngogi ngiz - PHOG Ha Néi niam 2015 — 2016).
¢. Cho x=1+%2 +3/4. Tinh gia tri biéu thic: P = x® —4x* + x* — x* — 2x + 2015,
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Loi giai:

a. Taco: X2 :(\/4+ V10+2y/5 +\/4—\/10+2\/§J2 =8+ 2\/4+ V10+ 2\/5.\/4—\/10+2J§

o xt=8+26-245 =8+2,/(\/§—1)2 =6+2J§=(J§+1)2

= x=v5+1 Tuwdésuyra (x~1) =5 X’ ~4x =4,

(X2—2X)2—2(X2—2X)+12 ~ 42 _3.4+12 1

Ta bién d6i: P =
x> —2x+12 4+12

b. Taco x=1+€5:>(x—1)3 =2 x3—3x% +3x—3-0. Ta hién dbi biéu thuc P thanh:

P =x?(x®—=3x% +3x—3) + X(x* = 3% + 3x - 3) + (x* = 3x” + 3x — 3) + 1945 = 1945
;,L__szg/_ A A A,-%/_ 2 1A 3 2 ..

c. beyrang: x=42+32+1 ta nhan thém 2 vé vai 2 —1dé tan dung hang dang thuc:

a® —b® = (a—b)(a? + ab+b?). Khi do ta co: (%5-1)x:(%5—1)(€/2_2+%5+1)

@(3/5—1)x:1<:>§/§x:x+1<:>(x+1)3<:>x3—3x2—3x—1:0.

Ta bién doi: P=x3—4x4+x3—x2—2x+2015:(x2—x+1)(x3—3x2—3x—1)+2016=2016.

Vidu 4.

a. Cho ba sé thuc duong a,b,cthoa man ay1-b? + byv1l-c? +cyl-a? :g. Chtng minh rang:

N w

a+b*+c’ =

b. Tim céc sé thuc x,y,z thoa man didu kién: x\/l— Y2 +yW2-Z + 23— x% =3

c. Tim céc sb thuc x,y thoa mén diéu kién: 2(ny—4+y\/x—4) = Xy.
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d. Gia sir (x;y) la céc s6 thuc thoa mén (x+x/3+ X2 )(y+«/3+ y? ) = 9. Tim gid tri nho nhét cua
biéu thirc P = x* + xy + y~.

e. Tim GTLN, GTNN cua biéu thiuc: P =41+ x + 31— x + 1 2.

Loi giai:

a. Ap dung bét ding thic Cauchy cho hai sé khong am ta c6

2,1 12 R2.1.p2 ~2.1._ 22
a1-b? +bV1-c? +cf1-a? <& +; b +b +; c.c +; a :g.

a=v1-b* [(a?=1-p?
Ding thic xay ra khi va chi khi {b=+1-¢* &b’ =1-c* = a’>+b’+c? = g(dpcm).

c=vl-a |[¢°=1-@&

b. Ta viét lai giai thiét thanh: 2xy1-y* + 2y\2— 7 + 23— x* = 6.

Ap dung bat dang thuc: 2ab < a” + b*ta co:

21— Y2 +2y2—Z2 +2233— X2 <X2+1-y? + Y2+ 222 +Z2 +3-x2 = 6. Suy ra VT <VP.
Déu ding thirc xay ra khi va chi khi:

X = /1_y2 X,¥,2>0 X>+y*+72=3x,y,2>0

x2+y2=1© xX*+y* =1

y=\y-zZ < <:>x:l'y:0;z:\/§.

2 2 2 2
z=ﬂ y +z°=2 y +z°=2

Z+x*=3 |Z+x*=3
c. avx—4,b=y—4 véi a,b> 0thi phuong trinh da cho tr¢ thanh:

2(a® +4)b+2(b”+4)a=(a’+4)(b*+4). Chi 2 vé cho (& +4)(b® +4) thi phuong trinh tré thanh

2b 2a
2 + 2
b°+4 a +4

=1. Péyrang a=0hoic b=0khdng théa man phuong trinh.
Xét a,b> 0.Theo bat dang thic AM —GM ta c6: b? +4> 24/4b* = 4b.a” + 4> 4a. Suy ra
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2

VTSZ—a+2—b:1,déudé“ingth1’rcxéyrakhivachikhi & :4<:>a=b=2<:>x=y=8. Vay
4a 4b b’

x =8,y =8 la nghiém cua phuong trinh.

2
- a_
d.Pit a=x+V3+ X  >0= a-x=V3+xX* > a?—2ax+ X’ =3+ X’ => x = o
a

b*-3 : a b 3 3
Tuong tu dit b=y+4/3+y* >0= X = . Khidd x+4y=—+————-—,
gt B=yrysty b Y=3"27%2a
Theo gia thiét ta co: ab=9:>x+y=9+g—i—9:§+§22. 9.§:2. Lai co
2 2a 2a 6 3 a 3 a

X2+ Xy + Y :Z(x+y)2+%(x—y)2 22(x+y)2 = X?+xy +y? > 3. Déu déng thirc xay ra

o x=y=1. Vay (x2+xy+y2) =3.

min

e. Pt a= 41+ x,b=41-x = a,b>0,a* +b* =2. Ta co:

P =a+b+ab. Ap dung bat dang thic & (**) ta c6

(a+ b)4

2(a“+b“)2(a2 +b2)2 2[%(a+ b)z}2 = = (a+ b)4 38(a4+b4)=16<:> a+b<2.

Suyra P<a+b+ < 3. Dau bang xay ra khi va chi khi a=b=1< x=0.

(a+bf
4
~ P BV R 212 | b 2 12)\? 2 | M2 \/_ N

Tacling co6: a” +b” <a”+2a’b"+b s(a +b) =a +b">+v2, ma

a’ +b? <a?+2ab+b? =(a+b)2 v6i moi a,b>0. Suyra a+b>va?+b? >42. vay

P=a+b+ab>a+b>42.diu bing xay ra khi va chi khi a=0hoic b=0tacla x=1 hoic x=-1

Vidu 5.

Cho x,y,z>0 va xy+yz+zx=1.
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a. Tinh gié trj biéu thic: P = x\/(1+ yz)(12+ 22) + y\/(“ Zz)(12+ XZ) + z\/(1+ Xz)(l;r y2)
1+x 1+y 1+z

, . N X Yy z 2xy
b. Chirng minh rang: Ty + Ty i g \/(1+ XZ)(1+ yz)(1+ ZZ) .

Loi giai:
a. Deyrang: 1+ X% =x* +xy+yz+2x = (x+y)(x+2)

Tuong tu d6i véi 1+ y* 1+ Z%ta co

JENE) J<y+x><y+z><z+x><z+y>

1+ X (x+y)(x+2) =x(y+2)

Suy ra P=x(y+2)+y(z+x)+2z(x+y)=2(xy+yz+2x)=2.

b. Tuong tu nhu cau a)

, X z X z
Ta co: + y = + y -

1+ X2 1+y2_1+22_(x+y)(x+z) (x+y)(y+2) (z+y)(z+x)

:x(y+z)+y(z+x)—z(x+y)_ 2%y 2xy

(x+y)(y+z)(z+x) (x+y)(y+z)(z+x) \/(1+X2)(1+y2)<1+22).

Vi du 6.

a. Tim X, X,,...,X, thoa man: \/xf—lz +2\/x22—22 +ot MY X =17 :%(xf+x5+...+x§)

4n++/4n* -1
J2n+1+4/2n-1

b. Cho f(n)= v6i N nguyén duong. Tinh f(1)+ f(2)+...+ f(40).
Loi giai:

) 2 2 2
a. Bang thie tuong duong véi: (fo -1 —1) (JXz2 -2 —2) +...+(1/X§ -n? —n) =0

Hay x, =2,x,=22%..,x =2n’
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X* +y? =4n
b. Pit x=~/2n+1,y=+2n-1=>{xy =~/4n’ -1.
X2_y2=2

Suyra f(n)= X’ J;xg;yz = :z:zz =%(x3—y3)=%(\/(2n+1)3 —\/(Zn—l)s} Ap dung vao bai

toan ta co: f(1)+ f (2)+...+f(40)=%[(\/3_3—\/1_3)+(\/5_3—\/3_3)+...+(\/8?—\/§)}
=%(J8?—«/1_3)=364.

Vidu 7.

a. Cho s6 nguyén duong n=> 2. Tinh gié tri biéu thic sau theo n.

P=\/1+i2+iz+\/l+iz+i2+...+ 1+ 1 >+ 1 5
2" 3 3 4 (n+2) (n+3)
b. Cho céc sé thuc duong a,b,c théa man: a+ b+c:x/a+\/5+\/5=2. Chung minh:

o b e o

l+a 1+b 1+c  [1ra)(1+b)(1+c)

Loi giai:
a. Vi moi s6 thuc a,b,c khac 0 sao cho: a+b+c=0 thi

1

a'2

a'2

a b c

a b c

ot —t—+— o+ ————I ="

111 1 1 1.2 2 2 (111 1 1 1 2(atb+c) 1 1
b> ¢ ab bc ca b2 2 abc 2 0 &

Ap dung vao bai toan ta co:

Ap dung lan luot véi cac s6 hang con lai ta duoc:
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11 11 1 1 1 1 1 1
P=1+-——+1+-———+. .+ 1+—— |+ I+ ————— | =N+ ————.
2 3 3 4 n+1 n+2 n+2 n+3 2 n+3

b. bt

x=vay=ib,z=vo= X1y + 22 =x+y+2=2= 2(xy+yz+2xX) = (x+y+2) - (X +y?+22)=2
Suy ra xy+yz+2x=1. dn dén 1+a=xy+yz+2x+X* =(x+y)(x+2), twong tu
1+b=(y+2z)(y+2),1+c=(z+x)(z+y) suyra

VT X . y . z :x(y+z)+y(z+x)+z(x+y)

(x+y)(x+z) (y+z)(y+z) (z+x)(z+Y) (x+y)(y+2z)(z+x)

= 2 = 2 dpem.

(X+Y)(y+2)(2+ X) \/(1+ a)(1+ b)(1+ c)

Dang 2: C4c cau héi lién quan gia tri I6n nhat, nhé nhat cia mét biéu thire dai s6.
Phwong phap: Dé giai quyét cac bai tap dang nay ta can chi y céc tinh chit co ban:

Vi s6 thuc A,B>0 thi.
+ A >0.

+ A+B>2yJAB (Bat dang thuc AM —GM). Dau diang thiic xay ra khi va chi khi A= B.

+ A% £ B? +4/C? + D? 2\/(A+C)2+(B+C)2 Véi cac s6 thuc A,B,C,D > 0.
+ (A+BY <2(A2+8?),(A+ B)3§4(A3+B3) v6i AB>0.

Vidul.

2\/;+1
\/;+1.

a. Tim gi4 tri nho nhat caa biéu thac: A=

X+24X+5

\/;+1 '

b. Tim gia tri nho nhit cia B =
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c. Tim gi4 tri nho nhit caa C = Vi cac sb thuc a,b,c thoéa man

a N b N c
Ja-1 +Jb-2 c-3
a>1lb>4,c>09.

d. Cho x> 0. Tim gié tri nhé nhét cua biéu thirc: D = v1—x ++/1+ x + 2v/x.

e. Cho s thuc x thoa man: 0<x<5. Tim gid tri I6n nhét, gi tri nho nhét cua;

P=x 8—x+(5—x)\/x+3

x(\/x+4\/a+\/x_4\/a)
Jx? —8x+16

Vi X > 4.

f. Tim gié tri nho nhat cua A=

g. Tim gi4 tri nho nhét cia bidu thirc: G =+/5x— X2 + 18— 3x— X2.

Loi giai:

2(Vx +1)-1
( ) =2 ! Vi Xx>0=+/x>0

\/;+1 \/;-Fl

a. Diéu kién x>0, ta viét lai A=

=SAX+121=>

fl <1 dindén A>2-1=1, déu ding thirc xay ra khi va chi khi x =0 khi do
X+1

gia tri nho nhat cia A 1a 1.

(\/;+1)2+4
:\/;+1+i, vi x>0 nén \/;+121, ap

\/;+1 \/;+1

dung bat dang thrc AM —GM dang A+ B> 24 AB véi cac s thuc khong am A,B ta co:

b. Diéu kién x> 0. Taviétlai B=

\/;+1+\/,Xi+122 (\/;+1).

= 4, dau dang thuc xay ra khi va chi khi

\/;+1=

@(\/;+1)2=4@\/§+1=2© x=1.
X+1

Vay gia ri nho nhat cua B bang 1 tai x=1.
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c. Taco a-1+l \/_ 1+— _\/— 1+———+2.doa>1nén \/5—1> 0, &p dung

\flfl \f1 \f1

bit ding thic AM —GM cho 2 s6 thuc duong ta co: Va—1+ 1 oo suy ra & >4 diubit
Ja-1 Ja-1
dang thac xay ra khi va chi khi \/5—1:\/_1 oJa-1=1<a=4,
a-1
Tuong tu ta co: b b—d+4 ~Jb+2+ 4 +4>8, dau dang thic xay ra khi va chi khi
Jo-2 Jo-2 Jb-2

b=16;

_C99 iz _Jo-3+ +6>12, ddu déng thic xay ra khi va chi khi
f 3 c-3 %— f 3
c =36,

Tir d6 suy ra C > 24, dau dang thuc xay ra khi va chi khi a=4,b=16,c = 36.

Hay GTNN cua C la 24 tai x=4,b=16,c=36.

d. Didu kien 0< x<1. Taviétlai D =+1— x + 1+ x +24% = V1— x +/x + 1+ x ++/x, do x>0
suy ra v1+ x ++/x >1. ta cé (\/;Jm/l—x)z = X+1-x+2,/x(1-x) =1+2,/x(1-x) =1 suy ra

D > 2, dau dang thic xay ra khi va chi khi x = 0.

x/gsa,ng/é

e. bat x/8—x:a,\/x+3:b do 0<x<5 suyra
a’+b’ =11

Biéu thuc P c6 dang P:(a2—3)b+(b2—3)a:ab(a+ b)-3(a+b)

it a+b=t trgiathiéttaco: (a+b) —2ab=11¢> dab=2t*-22<(a+b) =t? =t <22,

Mat khéc ta ciing co:

(a—\/g)(a Jé)so az—(x/§+\/§)a+ 24<0
~3

)(b x/_)s b2_(\/§+\/§)b+mg0311+2\/£S(\@+\@)(a+b)

Hay a+b22\/§+\/§. Vay 2«/§+x/§sts«/z

14. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Ta co: 2P =2ab(a+b)-6(a+b)= (t2 —11)t—6t =t(t2 —17). Tir d6 ta co:

P> (2\/§+J§){(2\/5+J§)2 —17} =(2\/5+\/§)(4\/E—6) —10V3 < P> 53, déu ding thic
xay ra khi va chi khi a=~/3,b=+/8 hoic a=+/8,b=+3 < x=0 hoic x=5.

522

Taco: 2P<5V22 = P< , ddu dang thuc xay ra khi va chi khi a:b:\/lgl@x:g.

Cach khéc:

Taco: 0<x<5 thi P:x\/8—x+(5—x)\/x+32x\@+(5—x)\@:5x@. Déu dang thirc xay ra
khi va chi khi x=0 hoac x=5.

Ta cling co:
P = x/Bx+(5-x)3x+3] =x2(8-x)+(5-x)"(x+3)+ 2x(5-x)[(B-x)(x+3)
Hay P? =75+(5x—x2)(2 (8—x)(x+3)—1). Theo bét ding thitc AM —GM ta c6

2
5X — X :x(5—x)£M=ZZ5.2 (8—x)(x+3) <8-X+X+3=11 nén:

25 275 5v22
2

p? S75+Z'10=7:> P< . ddu ding thuc xay ra khi va chi khi 8—x=x+3 va x=5-x

522

hay x=g. Vay GTNN ciia P 13 5v3. GTLN cia P Ia =

f. Diéu kién dé biéu thirc A xac dinh 1a x> 4.

R e e

X—4

A=

(x+4f

x(«/ﬁ+2+‘@—2‘)

- X—4

15. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



, x(\/x—4+2+2—\/x—4) Ax 16
+Neu 4<x<8thi Vx—4-2<0nén A= 2 = 4:4+ 2
X— X— X—

Do 4<x<8nén 0<x-4<4= A>8.
+Néu x>8thi Yx—-4-2>0 nén

X(m+2+\/ﬁ—2)_2)(\/_

A= X=4 o fx—a+—2_ > 216 =8 (Theo bét ding thirc
X—4 X—4 Jx-4

AM —GM). Dau ding thirc xay ra khi va chi khi 24/x—4 = 8 x_4-4cx=8

xX—-4
Vay GTNN cua A bang 8 khi x=8.
. RV X(5-x)=0

o Didu kien: 12X X 20 (5-%) < 0<x<5.

18+3x-x*>0  |(x+3)(6-x)=0

Ta viét lai G = V5x— X% +4/5x— X2 +18—2x. do 5x— X% > 0 V6i moi X théaman 0<x<5 nén ta

6 G>+/18—2x >+/18—2.10 = /8. d4u diing thirc xay ra tai x="5. Vay GTNN cia G bing 24/2

tai x=5.

Vidu 2.

\/;+1
20x +1

a. Tim gid tri 16n nhét cua biéu thirc: A=

Jx

X—2 x+9.

Jx-1

X—3/x+11

b. Tim géi tri I6n nhit cua B =

c. Tim gid tri 16n nhit cua C =

d. Tim gia tri 16n nhit caa D =v9—x ++/x.

e. Tim gia tri 16n nhat cia E =—x° +4,/(9-x)(1+3x).

f. Tim gid tri 16n nhit ciia F = v5x— x? + 18+ 3x— x2.

16. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Loi giai:

1 1
(2&+1)+2:E+ L
2\/;+1 2 2(2\/;+1)

a. bidu kién: x>0 taviét lai A thanh: A= . Vi x>0 nén

/\

2\/;+121 suy ra % an dén A<1. d4u ding thuc xay ra khi va chi khi x=0. Vay

(2f+1)

GTNN cua A bing 1 tai x=0.
N 2
b. Biéu kién: x>0 tacod x—2\/;+9=(\/;—1) +8>0suyraB>0

+Khi x=0 thi B=0(1)

+Khi x>0 thi B>0 taco é=w=\/§_2+i: X2

AM-GM cho céc s6 thuc duong ta co: \/;—F > 2\/_ 6 suy ra % >4=B< Z dau dang thic

— 2, &p dung bt dang thuc

NS

xay ra khi va chi khi x=9 (2)

Két hop (1),(2) tasuy ra GTLN cua B bing % tai x=9.

Chu y: Hoc sinh hay mic sai 1am khi dua vé % ma khdng xét x = 0. (Biéu thuc % chi xac dinh
khi x> 0).

2
c. Piéu kién x>0 chay: x—3\/;+11:(\f—:—23] +%1>0,

néu x<1 thi C<0 (3)

1 x-3/x+11 (&‘1)2‘(&_1)+9 X1+

9
Xét x>1khiddb C>0 tacd: —= = =4/X— -1
c  Jx-1 Ix-1 Ix-1

17. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Ap dung bt dang thic AM-GM cho 2 sb thuc duong ta co: \/;—1+

>6 suy ra

9
Jx-1

9 e Jx-1=3ox=16(4).

Jx-1

éz 5= C s%, déu déng thirc xay ra khi va chi khi v/X —1=

Két hop (3),(4) tasuy ra GTLN cua C bang %tai X =16.
d. Biéu kien 0<x<0.Tacd D*=9+2, /x(9— x) theo bét dang thirc AM-GM ta c6:

2,/x(9—x) <x+9-x=9 nén D2 <18« D <32, ddu ding thirc xay ra khi va chi khi

x:9—x<:>x:g. Vay GTLN cia D bing 3v2 tai x:g.

e. Diéu kign (9—x)(1+3x)2 0« (3x—27)(3x+1)< 0 do 3x—27 < 3x+1 nén suy ra E xéc dinh

3x+1>0 1
——<Xx<09.

khi va chi khi =
3x-27<0 3

Ap dung bat dang thic AM-GM ta ¢o: 2,/(1+3x)(9-X) <1+3x+9-x=10+2x suy ra

E <—x*+2(10+2x) =20+ 4x—X* = 24—(x—2)2 < 24, du ding thuc xay ra khi va chi khi x = 2.
Vay GTLN cua E bang 24 khi x = 2.

< 0<x<5.

. —x2> X(5-x)=0
£. Pidu kién: {5)( x“=0 { (5-%)

18+3x-x2>0 (x+3)(6—x)2 0

Taviét lai F = \/x(5— X) + \/(6— x)(x+3), ap dung bét dang thirc Cauchy-Schwarz dang

(AX+BY)’ <(A2+B?)(X?+Y?) taco P?<(x+6-x)(5-x+x+3)=48= P< 43, diu ding

thirc xay ra khi va chi khi —— =2=X o, x= 12
5-x x+3 7

Dang 3: Tim diéu kién dé biéu thirc nhan gia tri nguyén.
Phwong phap:

18. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



+ Pbi voi céc biéu thae P = A+g véi A, B 1a sé nguyén, C nhan gia tri nguy@n hozc vo ty thi P

nhan gia tri nguyén khi va chi khi C 1a s6 nguyén va C 1a uéc sb cua B.

L e o L2 B .. .z . s
+ Doi véi cac biéu thuc P = A+E véi A,B la so hiru ty, C nhan gia tri thuc. Ta thuong tim cach

danh gia P, tirc 1a chan P theo kiéu M <P <N tir d6 suy ra cac gia tri c6 thé cua P. Hoic ta tim diéu
kién cua P dé ton tai bién x,y...théa man y&u cau bai todn tir d6 suy ra cac gia tri nguyén c6 thé cua

P.

+ Di vai cac bai toan tong hop hoc sinh can chi ¥ diéu kién ban dau dé loai céc gié tri khong thoa

2Jx +5
\/;—Fl

a. Tim cac gia tri nguyén cua X dé P = la s6 nguyén.

~ X N , X R 2 by A A
b. Tim tat ca cac so thuyc X d&¢ P=——+—— la so nguyén.
X—X+1

3\/;+5
\/;+2

¢. Chang minh: Khong ton tai gié tri thuc cia x dé P = la s6 nguyén

Loi giai:

. ) 2(J§+4)+3 3 )
a. Bieu kién x>0. Taviet lai P= =2+ . Do x la so nguyén nén \/;-i-l nhan

J;+1 J;+1

gié tri nguyen hodc vo ty. Suy ra P 1a sé nguyen khi va chi khi +/x +1 1a sé nguyén va vx +1 1

uc cua 3. Chi Y Vx +121=vx+1e {13} = Vx € {0,2} & xe {04}
Vay xe{0;4} thi P nhan gia tri nguyén.

b. Diéu kién x> 0.

2
Do x>0 nén x—\/;+12[\/_—:—2Lj +£§1>0 suyra P>0 tacé

19. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



po_ 2 _ 2 - <E=§, nhu vy 0< P<8 Vipias nguyén nén P c6 thé
x—/x+1 Jx 1" 3 3 3 3
_—— +7
2) 4 4
nhan cac gia tri Pe{],'z}.
Vs \/;:\/54_1
TH1: P:1<:>x—\/;+1:2<:>[\/_——j 2o 2 do
2 4 \/— —-5+1
X =
2

2 2

XZO:M/—:\/EJrl@x 3+\/§.

TH2: P=2c x—X+1=1< x—&:o@&(&—l):o@x:o hoac x=1.

Vay XE{O;:L'3+2\/E} thi P nhan gié tri nguyén.

3&+5<3&+6
\/;+2 \/;+2

vi P 1asb nguyén nén P c6 thé nhan céc gia tri 1a 1 hoic 2.

c. bidu kién x> 0. dé thay P 1asé duong. Péy ring: P= =3suyra 0<P<3

TH1: P=1c3/x+5=x+2< 2/x=-3 v Iy.
TH2: P:2@3&+5=2(&+2)@ x=—-1 Vo Iy,

Vay khong ton tai x dé P 1a s6 nguyén.

3\/;+5
\/;+2

Cach khac: Gia sir ton tai giatri x>0 dé P= 1a s6 nguyén. Khi d6 ta co:

o_3x+5

- \/;+2

& PYx+2P=3/x+55x(P-3)=5-2P (¥)

Néu P =3 thi (*) thi c6 dang 0=—-1 vo ly, vay P # 3. Tir (*) ta ciing suy ra \/>=%, do x>0

5-2P , _2P-5_, 2P-5
P-3 P-3 2P—6

20. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén

tasuy ra P phai théa man <0, déyrang 2P-5>2P -6 nén




= =<P<3(**),do P las6 nguyén nén (**) khong thé xay

diéu kién 2
2P-6<0 2

- -5>
P 5£O<:> 2P-520 5
2P-6

ra. Tom lai P khong thé nhan gia tri nguyén.

Dang 4:Bai toan tong hop

Bai 1. Cho A= X=2 (sz),B 8xy/x -1 8X\/;+l 2X+1v’ix20,x¢l,x¢—é.
2++/x ox—x  2x++/x ) 2x-1 2 2
o o 52-1
a.Chu:ngmlnhkhlx:3+2\/§ thi A= e
b. RGt gon B vatim xdéé=x;2.
B 4x

Loi giai:
a. Taco x=3+2x/§:(\/§+1)2:>\/;:\/§+1thayvao A taco:

3+242-2 2241 (2f+1)( I) 5v2-1
J2+1+2 \/§+3 (3+\/_)( \/_) 7

A=

bh. Ta co:

B_[8X&_1_8X&+1]_2X+1_ (2\/;—1)(4x+2\/;+1)_(2\/;+1)(4x—2\/;+1) oxi1
{2x=x o 2xsalx ) 2x-1 0 \&(2\&—1) &(2 x+1) 2x-1

4x+2\/_+1 ax—20x +1) 2x+1 4. 2x+1_4(2X+1)
Jx Jx 2x-1 2x-1  2x-1

SuyraA x—2 4(2x- 1) (x=2)(2x+1)

B 2+4x  2x+1 ax+2)(2x-1)

, Yeu cau bai toan twong duong voi

(X—Z)(2X+1) _x-2 2x+1 1

4(\/;+2)(2x—1) ax Q(X_Z) (\/;+2)(2x—1)_$

=0 hay x=2 hoac

21. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



2x+1 _i(*). Taco (*)C)\/;(ZX—I—]_):('\/;“‘Z)(ZX_]-)

(&+2)(2x—1) Jx

o Ix-2x-2=0c 2x-&-1:o@(&—l)(2&+1):o@&:1@ x=1.
Déi chiéu vai diéu kién bai toan ta thdy x =1,x =2 thoa man.

+9 &+2f22\f

Bai 2. Cho biéu thuec: A_ B Vi x> 0,x = 4.
Sx—2 Jx+2 4-x

a. Rut gon biéu thuc B.

b. Dat P = A:B. Tinh gi tri caa P khi x=3—16.

c. Tim gi4 tri nho nhat caa P

Léi giai:

o Nx+2 Yx-2  2dx (&+2)z_(&_2)z_2&_ 6v/x

e e ) (A

X+9 _ 6v/x x+9

(Vx-2)(vx+2) (Vx-2)(vx+2) &YX

< P=A:B=

1

—+
b Khi x=+ = Jx=2 tacs p=36__ -3
36 6 sl 36

6

poXtd 1[[ 9} Theo bét ding thirc AM-GM ta c6: /X +—=> 6. Suy ra P >1.

6fx 6 X Jx

Déu ding thic xay ra khi va chi khi f:i@\/;:?,@x:g. Vat GTNN cua P a1 tai x=9.

I

\/;+3 \/;+2 \/;+2 B 1
Jx - 5 3o & X—5Jx+6  x+1

Bai 3. Cho A= VoI X>0,Xx#4,x%9

22. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



a. Rut gon A.
b. Tinh gia tri cia A khi x =7+ 4+/3.
afwtng.mnxdéps4
Loi giai:
x>0

a. Diéu kién xac dinh: { x = 4
X#9

\/;+3_\/;+2+ \/;+2
RGN

Taco: A=

:(J§+3MJ§—3}{J§+2MJ§—2)+J§+2: -
EEIE

/3

b.Khix=7+4J§=(2+J§f:>J§:2+v6thiA=-—T%r—-=j# -
2+3-2 3

x+1-4(x -2
cTacop=P-_1 . 1 ::J;+1S4C>J;+l—4SOC> ( )so
B Jx-2 Jx+1 x-2 JIx -2 Ix -2
3(3-+/X
Hw—i———)30c>J;_3206)
Jx-2 Jx-2

x-3>20 X>9 . . .
TH 1: \/_ <:>{ = X 29 doi chieu vai dieu kién suy ra x> 9.
Jx-2>0 |[x>4

x-3<0 x<9 Lz S
TH 2: {\f <:>{ = X< 4 doi chieu voi dieu kién suy ra 0< x < 4.

Jx-2<0 (x<4

Vay P <4 khivachi khi 0<x<4 hoac x>09.

23. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



2% +3 2 3 5x -7

,B= + —
Bx—10VX  x=2 2/x+1 2x-3/x-2

Bai 4. Cho biéu thirc A=

(x>0,x=4).

a. Rut gon B.
b. Tim x sao cho C = B: A nhan gi4 tri 1a mét s6 nguyén.
Loi giai:

a. Véi x>0,x =4 ta co:

5 3 5x_7 2(2 x+1)+3(&—2)—(5&—7)_ X +3

B:&—2+2&+1_2x—3&—2 (&—2)( x+1) _(&—2)( x+1)'

L 20X43 g 2X+3 5\/;(\/;_2): 5vx
5&(&-2) ' (&—2)(2 x+1)' o2dx+3  2x+1

b. Taco: A=

VX omegel SX 55
20X +1 2Jx+1 2 2(2&+1)

Vi\/;>0,‘v’X>O,X¢4 nén C = <g

—0<C <g, két hop voi diéu kien C la mot s6 nguyén suy ra C e {1,2}.

+ Néu C=1@5&:2&+1:I=%@x=é thoa man didu kién,

+NéU C =2 5yx = 4y/x + 2= y/x = 2= x = 4 khong thoa man didu kié.

Vay x=$—13 thi C nhan gié tri 1a nguyén.

Yx+l o W Wx-1
Jx-1" Jx+1 x-1

Bai 5. Cho biéu thuc A= voi X>0,x =1

a. Tim x d¢ A=2.
b. Chung to A.B khong phu thudc vao x.

c. Tim x dé A>B.

24. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Loi giai:

a. Taco A:2<:>ﬁ+1:2<:>\/;+1:2(\/;—1)<:>\/;:3<:> X=0.
X-1

B e s ek
fet ot ) e (]

b. Taco: B=

o Jirt Jx-1

= suyra AB=———
Jx-1 &+1

(Vx-1)(vx+1) Vx+1

c. Taco

Vxel Wx-1_ Jxe Jx-1 0@(&”)2_(‘/;_1):0@ ax
S 1 T e e ) )]

A>2B< > 0.

Vi x>0 nén +/x >0 suy ra didu kién 1a (&—1)(&+1)>0@&—1>0@&>1@x>1.
Vay d¢é A> B thi diéu kién la: x> 1.

x\/;—3 _2(\/;_3)+\/;+3
x—20x-3  fx+1  3-+x

Bai 6. Cho biéu thic p= véi x> 0,x % 9.

a. Rat gon biéu thuc P.
b. Tinh gia tri cua P biét x = 3— 24/2.
c. Tim gi4 tri nho nhat caa P.

Loi giai:

a. Taco: P= x/x -3 _2(\/;_3) Vx+3 x\/§—3—2(\/§_3) _(\/;+3)(\/;+1)

(rt)(Vx-3)  xe1 x-3 (Vir1)(v-3)

25. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



x\/_ 34 2x+124/x —18— x—4x -3 x\/_ 3xX+ 84X — 24_X(\/;—3)+8(\/;—3)
LN =

X+8

=\/;+1'

b. Vi x:s—zﬁz(ﬁ—l)z — Jx =21 thay véo P tacé: P= 11‘fﬁ _ 11@‘4.
2

c.Tacod: P= X_1+9:\/;—1+L: X +1+

9
\/;-i-l \/;—i-l \/;+1

—2. Ap dung bat diang thaec AM-GM ta

co:

\/;4-14-

> 2./9 = 6= P> 4. D4u bing xay ra khi va chi khi

9
\/;+1
\/;+1:

< Jx+1=3< x=4. Vay GTNN cua P bang 4 khi x = 4.

9
\/;+1

VX oo Ix x-10
wWx-3  Jx-2 x-4

a. Tinh gia tri caa A khi x=25.

Bai 7. Cho biéu thirc A=

VoI sz,x¢4,x¢g.
16

b. R4t gon B.
c. Tim x dé B=2A.
Lo gidi:

) N 5 5
a. Khi x=25thi vyx=5suyra A=——=—,
\/— y 45-3 17

b. Ta co:

R e R e T N i e TR NCTs

e Ve [y (el (e

RN
(Vx-2)(Vx+2) x+2

26. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén

Hay B=




c. B=2A & ﬁ:;’ _ 43_;/33@2\&(\/;+2):(J§+5)(4&—3)@ 2x+13\x ~15=0

Yx=1
15 do Jx>0=+/x =1 thoa man hay x=1.

- B

2

@(&—1)(2&+15)= 0o

Bai 8. Cho P= VoI x>0, x#1.

24/x (1+ 1 }L onx+14
\/;+3 \/;+2 x+3\/;+2

a. Rat gon P.
b. Tinh gid tri caa P khi x=4.

c. Tim cac gia trj cia x dé P 1a sb tu nhién.

Lo giai:

a. Taco

p_ 24x [\&+3J+ ox+14 2*/;(\/;”) N Wx+14  _ 2x+11x+14
\/;+3 \/;+2 (\/;+2)(\/;+1) (\/;+1)(\/;+2) (\/;+2)(\/;+1) (\/;+2)(\/;+1)

Haypz(\/;+2)(2\/;+7)_2\/;+7

(\/;+2)(\/;+1) - \/;+1.

22+7 _1_1

b. V6i X=4 thi vXx=2suyra P= =
\/_ y 2+1 3

2(\/;+1)+5_ c

c.Taco P= =2+ .
\/;-Fl \/;+1
Do x>0 nén 0< <5suyra2<P<7.ViP lasbnguyén nén
X+1
Pe{12345| < > e{1234,5} < x+1e 5;§;§;§;1 oAxe 4;§;E;l;0
Jx+1 2'3'4 2'3'4

27. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



< Xe {16;

J>I_Lo
(o RN

;i;O .
0]

Déi chiéu diéu kién ta thdy x e {16; 1.

4.
9'16’

N O

0} 1a c4c gi tri can tim.

Céach khac: Dé P 1a sé nguyén thi diéu kién can va du Ia: \/_5 =m (véi m la sé nguyén duong
X+1
va x> 0).
. 5-m A Lia. D—M
Ta co: 5 =m< x+m=5<:>\f:—.do X > 0= diéu kién >0, do
Ix+1 m m

m>0=5-m>0< m<5 hay 0<m<5:>me{12345} suy ra \/;e{ g %;%;O}

Lol
16}

Bai 9. Cho biéu thirc P = [

-M_@
©ols

= Xe {16;

] véi a>0,b>0,a%b.

Ja_  2Ja-+b 1
be][bﬁaf

a. Chitng minh ring P =+/ab.
b. Tinh gia tri biéu thic P khi a=3—x/§ va b=0,5.

c. Tim gia tri 16n nhat cia P néu a’ +4b’ =8.

Loi giai:
a. Taco:
po|__Na _ 2a-b ( 11 ]a(Z\/aJB)JE b
Jo(Va—b) V(b a] | \Jabsb aba) Vab[Jab] Ja-b
Hay P = el > =ab.
Jab(/a-+b)
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4

2
b. Khi azs—\/é,bzézab::g_f: G_ZJg:{ﬁz_lJ - P:@:%L.

c. Theo bét dang thic AM —GM ta c6: a® +4b? > 2+/a®.4b* = 4ab = 4ab<8=ab < 2. Vay

P <+/2, dAu déing thac xay ra khi va chi khi a2 =4b? =4=a=2,b=1.
Vay GTLN caa P 1a /2.

7[2 Jx+3 Jx-3 36
2J_+1 “x-3 x+3 x-9

a. Ritgon B, tim x dé A=B.

Bai 10. Cho 2 biéu thirc A=

VoI x> 0,x 9.

b. Tim tat ca cAc gia tri cua X dé A nhan gié tri nguyén duong.
Lo giai:

a. Taco:

Jx+3 Yx-3 36 (*/;+3)(*/;+3)—(\/;—3)(\/;—3)—36 124x — 36 12

B= = —

Jx-3 Jx+3 x-9 (vx-3)(vx+3) (&—3)(&+3)_\&+3

A=B \/32+3 ;:/f;: 12(2&+1)=(&+3)(7&—2)@7x—5J§—18=o

JIx=2
9= VX =2 x=4 (TMPK).

=

7

& (Vx-2)(x+9)-0e

2(2\/_ )_11 7(2\/;”)

b. Ta co: . Vi A 146 nguyén duong nén ta co:
(2\/;+1) (2\/;+1)
A=1
O<A<g<:> A=2.
A=3
THL: A=l Tx-2 —lo5/x =3 X =~ thoa man didu kien.
2Jx +1 25
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TH2: Azz@7*/;_2=2<:>3J§:4@x=E thoa man diéu kién.
240X +1 9

THS3: A:3<:>7\/_ 2 \/_ 5« x =5 théa man diéu kién.
2 x+1

31/_\/_ 9XJ [x\/—_:a\/l_ %]

Bai 11. Cho biéu thuc P = (

a. Tim diéu kién cua X dé biéu thic P c6 nghia va rat gon P.
b. Tim gi& tri cia x dé P = —g.

c. Khi x>25 hady tim GTNN cua P.

Lo giai:

Diéu kién: x> 0;x # 9 x # 25 (*).

a. Taco:

o {3;/;_ 9- XJ [X\/—_&/l_ %J: x/_;/i?,_(\/;—sjz(&w) : \/Q\(/—i(/;is)_%

\/;(\/;—3)—2x:\/;—1—2(\/;—) (x+3) Jx (Vx - 3)_ X
RN E S L RS

< P=

b.P=—gc> X —g@3x+4&—20=0@(&—2)(3&+1o)=0@&:2:x=4théa
man (*)

X +5+ Jx -5+ +10. Ap dung

X _ 25 _ 25
Jx-5 Jx-5 Jx-5

¢. Khi x> 25 thi \/;—5>0. Taco: P=

bit ding thirc C6 si dang a+b> 2ab ta co: v/x -5+ > 2:/25=10. Suy ra P > 20. D4u

25
Jx-5
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dang thac xay ra khi va chi khi \/_ 5=— (\/;—5)2 =25 \/;—5:5<:>x:100 thoa

\fs

man (*). Vay GTNN cua P la 20 khi x =100.

\/\;/2_1_)(_1\/;}8:\/%1

Vvéi x> 0,x=1.

Bai 12. Cho biéu thuc A= (

a. Rutgon P=A:B.

b. Tim cAc gié tri m dé ton tai x sao cho Py/x = m++/x.

Loi giai:
a.Taco A= Jx 1 Vxalx-1 (\/; )(\/;H) Ix+1

1 (1) (V1) W(er o Vx
oA x4l x-1_ x-1

NOR eI -

b. Theo gia thiét ta c6: Pvx = m++/X < x—1=m++/x. Pit +/x =t. didu kién t > 0,t = 1. Phuong

trinh trg thanh: t*> —t—m-1= 0. Dé phuong trinh c¢6 nghiém diéu kién la
A=1+4m+4>0< m> —g. Khi d6 theo hé thirc Vi-et ta co: t +t, =1> 0 suy ra trong hai
nghiém ton tai it nhat 1 nghiém dwong. Nhu vay ta chi can tim diéu kién dé t =1 khong phai 1a

nghiém. Tac la: 1-1-m-1# 0< m=—1. Vay diéu kién can tim 1a: m> —g,m;t -1

Bai 13. Cho biéu thic P =

x+3\/;+2 _x+\/_ [ 1
(\/§+2)(\/§—1) il Jx-1

J Vol X>0,x#1.

a. Rut gon P.
b. Tinh P khi x=3+22.

1 X+1
c. Vai gid tri nao cua X thi 5 >
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Loi giai:
a. Taco:

P{(\/;+1)(\/;+2)_ Px(Vx+1) H 2x ](\/%1_ Jx J: 2%
(V2 (V1) (o-2)(Vcra) | | (V) (Voeet) | (V-1 V1) (V) (W)

1 .(&—1)(@1)_1(&“}

k-1 2k 2 Wk S

206: X3+ 243 (11 B 14 e po 2032 _2(ZEIET)
b. T .X—3+2\/§—(1+\/§) 3\/;—1+\/§ P__[f+1J E(\/_ 1)(\/5_1)_

S

c1oaxen o2k xel _16\/_ (&ﬂ) (*/;+1)_—x+6\/;—9__(\/;_3)2
P 8 Jx+1 8 B 8(\/;+1) B 8(\/;+1) B 8(\/;+1)
- 2 A (‘/;_3)2 1 Vx+1 1 Wx+1

Vi (&—3) >0,¥x> 0,x %1 nen—S(&ﬂ)_oSuyraE— o120 ol

14 1 1 2
Keét hop vaéi diéu kién d¢ bai ta suy ra %— \/;8+1:1<:> (\/;—3) =0 x=09.

VOi x>0,x=1.

Bai 14. Cho biéu thuc: P = [

X—2 \/_
x+2\/_ \/;+2J \/_
a. Rat gon P.

b. Tim céc gia tri cua x dé 2P = 24/x + 5.

¢. Ching minh: P++/x > 3.

Loi giai:

a.Tacod P= (

x—2 1 j\/;+1 x=2___ Jx Jx+1
) 2dx x+2) Ix-1 \/;(x/;+2) \/Q(\/;Jrz) x-1
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_ X+/x -2 \/;+1:(\/;_1)(\/;+2) \/;+1: X+1
\/;(\/;+2).\/;—1 \/;(\/;+2) .\/;—1 \/;

véi x> 0,x=1.

b. 2P=2\/§+5@2(*611]=2&+5@ 2x+5x = 24/x +2 = 2x+3x -2=0
X

@(x/;+2)(2x/;—1)=0®f:%<3x:E.

4

c. Ta co: P+\/;:\fx—+1+\/;:l+i+\/;. Theo bt ding thic C6 si dang a+b> 2/ab ta co:
X

% %

1

X

i+ X >2 suy ra P> 3. Dau dang thic xay ra khi va chi khi \& =

X

didu kién x=1. Vay P >3 v&i moi x> 0,x=1.

Jx _x—&—l]_[\/;+2_ x—5 J
\/;—2 x—2\/; \/;+1 x—\/;—zl

< x=1 khong thoa mén

Bai 15. Cho P =£
a. Ratgon P.

b. So sdnh P véi 4.

c. Tim x thoa man diéu Kién: xy/x.(P—2)+x+4=3x?+4x.
Loi giai:

Diéu kién xac dinh: x>0,x = 4.

a. Taco: P=

I x=lx-1 [ [Wx+2 x-5
Ix=2 &(&—2) 1 x+1 (&+1)(&—2)

_X—X+\/;+1_ X—4-x+5 \/;+1 o v _(\/;+1)2
() g g IR
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b. Taco: P-4=

—4= > 0= P> 4. Diu bang xay ra khi va chi khi x=1
Jx Jx
c. Tim X thoa man diéu kién: x&.(P—2)+x+4=3 X2 + 4x.
2
6y B
T—Z x\/;+x+4:3 XC+4 < X2 +2x+4=3 x(x2+4). Chia hai vé cho
X

x*+4> 0 ta thu duoc: 1+ 22X = ,/ ZX .bat t= / 2X vai t> 0 taco:
X +4 X +4 X +4

2t? —3t+1:0<:>(2t—1)(t—1):0<:>

Ta co:

Néu t=1,

72 =1< X —x+4=0 vd nghiém. Do A=-15<0.
X +

Néut:é, X =l<:>x
2’\x2+4 2

Két luan: x=2.

2—4x+4:0<:>(x—2)2 =0 <> x =2 thoa man diéu kién.

Bai 16. Cho X,¥,z>0 va xy+yz+zx =1,

1+ y?

2 2 2 2 2 2
a) Tinh gié tri biéu thuc: P:x\v/(lJr ylz(xljz )+y\/(1+z )(1+X )+z\/(1+X )(l+y )

1+ 2°
. T X y z 2Xxy
b) Chung minh rang: 1 =

1+ Y o1+2® \/(1+ xz)(1+ yz)(l+ 22)

Loi giai:

a) Déyrang: 1+x% = x>+ Xy + Yz + 2x = (X+ y)(X + 2)
Tuong tu dbi voi 1+ y*;1+ 2% ta co:

x\/(l+ y*)(1+2%) :X\/(y+x)(y+z)(z+x)(z+y)

1+ x? (x+Yy)(x+2) =x(y+2)
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Suyra P=x(y+z)+y(z+x)+z(x+y)=2(xy+yz+2x)=2,

b) Tuwong tu nhu cau a)

Ta c0: X ¥z _ X + y - z
Cl4xt 1+y? 1428 (x+y)(x+z) (x+y)(y+z) (z+y)(z+X)
Cx(y+z)+y(z+x)-z(x+y) 2xy ~ 2xy

(x+y)(y+z)(z+x) (x+y)(y+z)(z+x) \/(1+ xz)(1+ yz)(1+ 22)

Bai 17.

1
a) Tim X, X,,..., X, théa man: \/xf ~1 +2\/x22 2% +..+nyx . —n? :E(Xlz + X2 H ot xnz)

4n++/4n? -1

b) Cho T (n)= \/2n +1+J2n—1

vGi N nguyén duwong. Tinh f 1)+ f(2)+..+ f(40) .

Léi giai:

, 2 2 2
a) bing thirc trong duong véi: («/xl2 -1 —1) +( x,> —2° —2) +...+(«/xn2—n2 —n) =0

Hay X, =2,%, =2.2%,...,X, = 2.n°

x* +y? =4n

b) Pt x=~/2n+1,y=/2n-1=>{xy =4n’-1.
X2_y2:2

Xrxy+y: xX*-y* 1 1 3 3\ - L
Suyra f(n)= Y =X2_y2 :E(x3—y3)=§(\/(2n+1) —\/(Zn—l) ).Ap dung vao bai

toantaco: f(1)+f(2)+.+f (40)=%[(\/3_3—\/1_3)+(\/5_3—\/3_3)+..+(\/Eﬁ—\/ﬁﬂ
Z%(\/B?—\/l_z)=364

Bai 18.
a) Chting minh rang: LEN S S
CNL+V2 B4 794480
. : 1 1 1 1 1
b) Ching minh rang: + + +ot——>2|1- :
) : J W2 23 34 nvn+1 ( \/n+1j
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. 1 1 1 1 1 . .

¢) Chiang minh: 2Jn -2 < ——+-——+-—+——+..+— < 2/n =1 v&i moi sé nguyén duong N>2 .
) ching G ETE R guyén durong

Lo giai:

1 1 1 1 1

1
N N PO N - W R SO RN/ SN N - N 1

D& thiy A>B .

a) Xét A=

, 1 1 1 1 1
Tacd A+B= + + +ot +
V1442 2+43 3+44 J79+/80 /80 ++/81
Jr1-K
Mat khac ta co: ( ) —Jk+1-Jk

1
KT (VL) (VLK)

Suy ra A+B:(\/E—\/i)+(\/§—\/§)+...+(\/8_l—\/%):\/8_1—1:8 .Do A>B suyra

2A>A+B=8< A>4.

1 1 1
k+l k(k+1) (\/k +1+JE) ) 2k/k +1

b) Bé y rang: = véi moi K nguyén duong
D : uy :
*

Suy ra VT > 2[1—%}+2(%—%)+..+2(%—\/%j:2(1— \/ﬁj

1 1 1 1
— —tot—

=+
2 B 4 n

c)bat P= L

—+
NIl
2 2

1 2
Jnidnil o 2dn Jn+n1

Ta co: Vi moi s6 tu nhien n>2 .

2 2 2
Turdo suy ra 2(//n+1—-+/n)= < < =2(Jn-v/n-1) ha
v 2| N PN PN i oy o el ) hey

z(m_ﬁ)<%<z(¢ﬁ_m)

o [ (BT <T
T <1+2[(v2-1)+(\8-2)+...(vn-+n-1)].

Hay 2Jn-2<T <2Jn-1.
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Bai 19.

. 3 . .
a) Cho ba sé thuc duong a,b,c thoa man av1-b? +by1—c? +cyl-a’ =3 .Chtrng minh rang:

a’+b’+c’ =

N w

b) Tim cac sb thuc X, Y,z théa man diéu kién: x\/l— y2 + y\/2— 2%+ zJ3—x2 =3.
Loi giai:

a) Ap dung bét ding thirc Cauchy cho hai sb khdng &m ta c6

2,1 . h2 h241_p2 2.1 a2
av1-b? +by1-c? +cyl-a? <2 +; b b +; c L +; a =§.

a=v1-b* [(a?=1-p’
Ding thire xay ra khi va chi khi {b=+1-c? < {b*=1-c? = a? +b? +¢? =g (dpcm).

c=l-a2 [c’=1-a’

b) Ta viét lai gia thiét thanh: 2xy1—y? +2yx2— 2% +224/3- %% =6

Ap dung bat dang thuc : 2ab <a®+b? ta co:

2x\/1—y2 +2yN2- 22 +2233-X* <X*+1-y?+y? +2-72+2°+3-x* =6 Suy ra VT <VP . D4u

bang xay ra khi va chi khi:

X =1 y? X,y,220 X2 +y?+2°=3;%,y,220

X2+ 2:1 X2+ 2:1
y=v2-7 <1 | y2 & y o x=Ly=0z=2
. yo+2° =2 Yy +2° =2
2=V3-X ?+x* =3 |2+x*=3
x(\/x+4\/x—4+\/x—4\/x—4)
Bai 20. Cho A= voi X>4

JX2 -8x+16

a) Ratgon A.Tim X dé A dat gi tri nho nhét.
b) Tim cac gia tri nguyén caa X dé A co gié tri nguyén.

Loi giai:

a) Diéu kién dé biéu thuc A xac dinhla x> 4.
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(e ) sy

A= - _
(x—4) [x=4
x(\/x—4+2+‘\/x—4—2‘)
X—4
, X(VX—4+2+2—+/x-4
+ Néu 4<x<8 thi Vx-4-2<0 nén A= ( ): Ax =4+ 16
X—4 X—4 X—4
Do 4<x<8nénO0<x—-4<4=A>8.
+Néu x>8 thi x—4—-2>0 nén
x(«/x—4+2+\/x—4—2) oxdx—4  2x 8
= = = =2/X—-4 + >2.16 =8 L, 142
X—4 Ny _4 v 4 J16 (Theo bat dang

thire CO si). Dau bang xay ra khi va chi khi 24x—4 = S x-4=4<x=8.

8
Jx—4

Vay GTNN cta A bing 8 khi x=8.

16 . o . .
b) Xét 4<x<8 thi A=4+n ,tathay Ae Z khi va chi khi eZ < X—4 laudc so

nguyén duong cta 16 . Hay x—4 € {1;2;4;8;16} < x ={5;6;8;12;20} di chiéu diéu ki¢n suy ra

X=5 hodc X=6

-4 m>

X=m’+4
+ Xét Xx>8 tacod: A= 2x ,dé.t\/X—4=m:>{ ) khi d6 ta co:

2(m2+4)
m

A= —om+ 2 suy ra me{2;4;8} < x e{8;20;68} .
m

Tom lai @& A nhan gia tri nguyén thi x € {5;6;8;20;68} .

Bai 21. Hay chang to rang sé6 m = V5 +2- Y5- 2 lamot nghiém cua phuong trinh
x*+3x- 4=0.

Loi giai:

Ap dung hang dang thircc (a- b)* = a®- b®- 3ab(a - b), ta duoc
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3
I

3= (W5+2)- (f5- 2)- 3%/(J§+ 2)(5- 2)m

4- 331im = 4- 3m.

Suyra:m®+3m- 4=0.

Vay m la mot nghiém cua phuong trinh x* + 3x- 4= 0.

B4i 22. Cho M = Ya* 6

Ja+1

a) Tim cac sb nguyén a dé M 1a sb nguyén.

b) Chang minh rang véi a = g thi M la sé nguyeén.

¢) Timcacsd hituti a dé M la sb nguyén.
Loi giai:

a) TacOM =1+ .Dé M lasé nguyén thi phai 1a s6 nguyén.

5 5
Ja+1 Ja+1
Ta biét ring khi a 13 s nguyén thi va hoic Ia sé nguyén (néu a 1a sé chinh phuong) hoic
5

Ja+1

vo ti, do do va lash nguyén, suy ra Ja + 1 1a uéc tu nhiéncua 5.

la s6 vo ti (néu a khong la s chinh phuong). Bé a sé nguyén thi va khong thé 1a sé

Tacé
\/;+1 1 5
Ja 0 4
a 0 16
M 6 2
4 3+
b) Véia= —thiM =3 =4,
9 g+1
3
s 5 R \ A A N 5 9% N A a
c) TacOM =1+ .Dé M la so nguyén thi phai la so6 nguyén.
Ja+1 Ja+1
bt =niZzZ, taco:

5
Ja+1

n a+n=5dodé\/z;=5-n

(dont' 0).
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Giai didu kien 225 0, tadwoc 0<n £ 5.

n

Doniz nénni {1,2;3;4;5}. Tacod

n 1 2 3 4 5

K s 2 |1 0
2 3 4

a 16 9 0
9 16

M 2 3 4 5 6
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II1.BAI TOAN THUONG GAP TRONG CAC PE THI VAO CHUYEN
Bai 1. Cho biéu thuc P =(a™" —8a™* +11a*"")+(b*** —80™* +110™").
Tinh gia tri biéu thic cia P voi a=4++/5 vab=4—-+/5.

(Thi hoc sinh gisi lop 9, TP. Ha Ngi, ndm hoc 2012 — 2013)

Huéng dan

Xét a—4=+/5 binh phuong hai vé ta duoc:
a’*-8a+16=5=a*-8a+11=0

X6t b—4 =—+/5 binh phuong hai vé ta dugc:
b?-8b+16=5=>b?-8b+11=0.

P =a’"(a”-8a+11)+b™" (b* -8 +11)

=P=0.

Bai 2. Cho ?SXSE;x:&O va V312X —3_2x =a.

6+2v9—4x°

X

Tinh gia tri cua biéu thuc P = theo a.

(Thi hoc sinh gioci Toan lop 9, tinh Qudang Ngai, nam hoc 2013 — 2014)

Huéng dan

3+2X+2,/(3+2X)(3-2X)+3-2X
Taco: P:\/ \/( i )

X

\/(J3+2X+J3—2x)2 Nt

pP=

X X
o (B+2x)-(3-2x) 4x 4
_x(\/3+2x—\/3—2x)_x(\/3+2x—\/3—2x) a’
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Bai 3. Tinh gid tri cua biéu thirc: A=2x%+3x* —4x+2

Véi x=\/2+ 5**/§+\/2— 5**/5—\/ —5-1.

2 2
(Thi hoc sinh gioi Toan lop 9, tinh Hdi Duong, nam hoc 2014 — 2015)

Huéng dan

Déta=\/2+ 5+\/§+\/2— 5+\/§,a>0.
\ "2 2
Xét a2 =4+21/4—5+2‘/g —44+/6-25 :4+,/(J§—1)2 ~3+45

:>a:\/3+\/§

= x=\/3+\/§—\/3—\/§—1=\/6+§*/g _\/6—2\/5 4

2

N =T
R R R

x=2-1= x+1=«/§:>(x+l)2 =2= x> +2x-1=0.
Tacd: A=2x>+3x>—4x+2

A=2x(x2 +2x—1)—(x2 +2x—1)+1=1.

x+20X—-3  JXx+3 Jx-1 Jx -1

Bai 4.Cho biéu thuc: A:(

3x+\/16_x—7_\/§+1 \/;+7j_(2_ Jx J

a) Rt gon biéu thirc A.

b) Timxdé A=-6.

(Thi hoc sinh gioi Toan lop 9, tinh Vinh Phiic, nam hoc 2014 — 2015)
Huéng dan

a) TXD: x>0; x#1, x=4.
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\/§ 1) 3\/_+7) Cx+l x+7 | X2

(\/; 1 x+3) Ix+3 x-1] x-1
A (2\/_+6 &+7) Jx-2

x+3 x \/; 1

Vx+3) Cx+7 | Wx-t (2 \/§+7J Jx-1 Jx-9 JIx-1

J’+3 x-2 Vx-1)Vx-2 Jx-1"x-2
_x-9
A_\&_2

Jx—
b) A=—6< &_2:—6©&—9:—6(ﬁ—2)

7dx =21 x =9 (thoa man diéu kien). Vay dé A=—6 thi x=9.

Bai 5.R0t gon biéu thuc:

P=£\/a—_2+2J£ a-2 a+7}_[ 3Wa-2+1 1 ]

. + . — .
3 3+a-2 1l1-a)la-3Ja-2-2 +a-2

Huoéng dan

Dit vJa—2 =x , biéu thirc c6 dang:
(x+2j X X +2+7 ( 3x+1 1]
P= . + = ——
3 3+X 11—(x2+2) X2 —3X X

x+2( x  x*+9) 3x+1-(x-3)
P= +
3 |3+x 9-% X(x—3)

Xx+2 X(3=X)+X*+9  2x+4

3 (3+x)(3-x) x(x-3)

P=

x+2  3x+9  x(x-3)
3 (3+x)(3-x) 2(x+2)

P=
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_ (x+2).3(x+3).x(x-3)
3(3+x).(3-x)2(x+2)

p-=X vay p=¥2=2
2 2

Bai 6. Cho céc sé duong X, y, z thoa man diéu kién xyz =100 .
Tinh gié tri cta biéu thuc:

Jx Jy 10:z
By Nx+10 Jyz+yy +1 \xz +1047 +10

A=

Huéng dan

Thay 10=+/100 = \/xyz vao biéu thuc A, ta co:

N I sl
N N AN N A N A
& I el

Jrieha) it ar(e Joe )

N v vz
\/9+1+\/E \/_z+\/_+1 1+\/E+\/_

A lrly iy o
\/_+1+\/E

3
Bai 7. Tinh gié trj biéu thic: P=— 2 —22%2 g,
a’—4a’ +5a—2

a = 355+ /3024 +3/55—-+/3024.
(Thi hoc sinh gici Toan lop 9, tinh Pha Tho, nam hoc 2013-2014)

Huéng dan

Xét a® = 55++/3024 +55—+/3024 + 33/(55 + \/3024)(55 —J/3024 ).a
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a®=110+3.3/3025-3024.a < a*-3a-110=0

< a*-125-3a+15=0
<:>(a—5)(a2 +5a+25)—3(a—5):0
& (a-5)(a*+5a+22)=0

2
Nhan xét: a2+5a+22:(a+gj +%>O nén a-5=0=a=>5

5-35+2 112 7
5 _452+55-2 48 3

T dosuyra P=

_ 910 —3v/2 +152 =10 — 9410 —34/2 +152 + /10

P
45-1
p_ 242 _6V2
44 11
Bai 8. Thuc hién phep tinh:
Q) Ac—t _ JT75-242: b) B:\/ 3-22 —\/ 3+2y2
J8 47 17-1242 \17+1242

Huoéng dan

a) A=g+5ﬁ—2\/§=\/§—ﬁ+5ﬁ—2\/§.

A=47

b)B—\/ 3-242 _\/ 3+2d2  [3-22  [3+22
“Vo-12V2+8 \9+122+8 (3_2\/5)2 (3+2\/§)2

N (A (T

1 1

B= -
x/E—l x/§+1
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) V2+1-(v2-1)

2-1

=B

Bai 9. R(t gon biéu thuc: B =

JE+\E—1+«/§—J§( V3. B J_i
2+/6 206 (2-6 2++6) 2

Hudéng dan
Ta co:
B:(ﬁ+ﬁ—1)(2—J€)+(J§—ﬁ).@ﬁ(2+¢€ +B3(2-6) 2
4-6 2.6 4-6 2
o 22-203+2/3-3V2-2+6 (Y2-B)+6 a4 2
- -2 T 2 2
o 2-248 (2-B3)32
T -6 2
g_Y2+2-4/6 (V3-V2)\2 3
T 2 2
g_Y2+2-V6+6-2-12
2
B=0.
Bai 10. Rat gon biéu thuc:
A=+, 1 b)T:\/2+J§+\/2‘J§.
2+42+43 V2-42-3 2-v3 \2+43

Huéng dan

V2-y2+43 V2+42-43
2—(2+\@) 2—(2—\@)

a_Y2—V2+43 J2+y2-\3
B V3

a) Taco: A=
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A V2B N2-3 44234 \4-2V3

NE) J6
\/(*@*1)2*\/(\/5_1)2 B3+1+43-1_ 243
L S A
b)Tacé:T\/(2+\/§) +\/(2\/§)
4-3 4-3

S=2+3+2-43
S=4.
Bai 11 Cho A——3*¥5 s g . Tinh A*—B?.

3-5
4+\/2(3+\£) 4—\/2(3—\6)
(Thi hoc sinh gigi Toan lép 9, tinh Gia Lai, nam hoc 2007 — 2008)

Huéng dan

3+45 3445 _3+J§_(3+J§M5—J§)
4+«/6+2\/§_4+\@+1_5+\E_ 25-5

Taco: A=

A 15-3V5+5/5-5_10+2V5 _5+\6
20 20 10

v _(3-5)(5++5)

3-46 35 _
J5 25-5

4—\/2(3—\/5) 4-(\5-1)

Taco: B=

_3_
5—

5_15+3V5-5/5-5_10-2J5 5-\5

20 20 10

5+«/§_5—x/§:§. AB—(5+\/§)(5_\/§)_1
10 T 5

Suyra: A-B=
10 5 10.10

Tacé: A*~B°=(A-B) +3AB(A—B):(?
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Bai 12. Xac dinh a, b biét: — a7 +b11.

\/_+\/_ 4\/_+2\/_

Hudéng dan

w@ﬁ¥ﬁ31umﬁﬁﬁﬂ

+
9.7-11 16.7-4.11

_m@ﬁéﬁﬂldwﬁqﬁﬂ

+
52 4.17

:3J7—¢ﬁ+4d7—zﬁ1:%J—_%¢ﬁ_

4 4

Xét vé trai:

=2,

DPong nhat hai vé ta dugc: a= 1

4>|\|

Bai 13. Cho YArX V17X =2 Véi |x| <1 x = 0.Chang minh ring X—_1:12J§—17.
4/1+ ,/ X+1

Hudéng dan

(M+x/lj)2 NN 1+x+2ﬂ+1x _2

Ta co: =
1+x—(1-x) 2X

PKXP: x=0
’ 2
<:>2+22i:\/§<:>1+\/1—x2 =J2.x
X

o1-x2 =2.x-1.
Binh phuong hai vé, ta dugc: 1—x* = 2x* - 2J2.x+1< 3x* —242x=0.

22

Vi x#0 nén 3x—2ﬁ=0:>x=T.

2«/5 2
x-1 3 L 2y2-3 (2v2-3) 812249 o
1

x+1_2J§+1_2J§+3_ 8-9
3

Xét
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Diéu phai chang minh.

3+\/§
2\2-1

Bai 14. Tinh gia tri biéu thic M = x° —6x%+x tai x =

Huéng dan

(3+\/§)(2\/§+1)

8-1

Taco: x=

:7‘5+7:J§+1
7

=x=v2+1=x2=3+22

Taco: x° =x.x2 :(«/§+1)(3+2\/§):5\/§+7

X° = x2.x° =(3+ 2&)(5&#) — 292 +41
Thay vao biéu thirc M ta co:

M :29J§+41—6(5J§+7)+J§+1:> M =0.

Bai 15. Cho bidu thic: M =2, ———+— = 2020

1+(2\/§+1J2 1{2\/}—1)2 x+1
NG B

a) Rut gon M;
b) Tim gié tri 16n nhat cua M.
Huéng din

3 3 2020
+ .

3¢(2vx+1) 3+(2x-1) | X+

a)Taco: M =

w|N

2 3 s 3 } 2020
3 3+4x+4Vx+1 3+4x—4 x+1] x+1

2 [ 3 . 3 }2020
3 ax+4Vx+4 4x—4aJx+4] x+1
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23 ( 1 1 J 2020
M=—.—. + :
34 x+/x+1 x—x+1) x+1

M _1 X=X +1+x++/x +1 2020

2 (x+1)2—x x+1
L1 2x+2 2020

2 x4+ x+1 x+1
M=—2220 1xp: xz0.

X°+Xx+1

b) Tacd: x> +x+1>1.Vi x>0

(o __ 2020 2020

=— < =2020.
X°+X+1 1

Vay gi4 tri 16n nhat cia M 13 2020 khi x=0.

(x>0;x=4)

Bai 16. Cho biéu thuc A :(

2 . 3 5x-7 | 2x+3
Ix=2 2dx+1 2x=3/x—=2) 3x—-6x

a) Rut gon A.

b) Tim x dé A=2/x-1.

(Tuyén sinh 16p 10 chuyén, PHSP, TP. Ho Chi Minh, ndm hoc 2015 — 2016)
Huéng dan

2(2vx +1)+3(vx -2)-5Vx +7 3x_gx
(Vx-2)(2vx +1) " 2Jx+3

a) Tacod: A=

C4x+2+3x-6-5x+7 3\&(\&—2)
o (x=2)(2x+1) T 2x3

A

2/ +3 3\/;(\/;—2)_ N
(&—2)(2&+1)' 20x+3  2Jx+1

A=
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D) A2 1= B —2VR 1o (2K 1) (2R 1) =30

@4x—3&—1zo@(ﬁ—1)(4&+1):0

ofx=1lex=1, thudc tap xac dinh.
Vay véi x=1 thi A=2x-1.

Bai 17. Cho cac sb duong X, y, z théa man diéu kién xyz =4.

pit: P= Jx + Jy + 2z .Tinh VP
\/W+\/§+2 \/ﬁ+\/§+1 Jox+ 24z +2

Huéng dan

Thay 2 =+/4 =./xyz vao bidu thirc P, ta co:

P= Jx + \/y + \/@ﬁ
\/@+\/§+\/@ \/ﬁ+\/§+1 \/§+\/ﬁﬁ+\/@

S -
\/Q(\/y+1+\/y_z) Jyz +4fy +1 \/&(1+\/ﬁ+\/§)

P= ! + \/g + \/ﬁ
\/§+1+\/§z \/Yz+1 1+\/E+\/y

poltly ey 5oy
\/V+1+\/E

\/n+1—1+\/n+1+3_ n—+n+1+7
Jn+l+1 n+1-3 n-2Jn+1-2

Bai 18. Cho biéu thic P =

voi nell;n#8.

a) Rt gon biéu thic: Q = véi nell;n=8.

P
n+3Jn+1+1
b) Tim tat ca cac gia tri n(neU;n#8) sao cho P Ia s6 nguyén to.
(Thi hoc sinh gisi I16p 9, TP. Pa Néng, nam hoc 2012 — 2013)
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Huwéng dan
Piat V/n+1=x khi d6 biéu thic P c6 dang:

Xx—1 x+3 x*—x+6
= + +—
X+1 x-3 x°—-2x-3

(x=1)(x=3)+(x+1)(x+3)-x*+x—6
(x+1)(x—3)

X2 —AX+3+ X +4X+3- X+ X—6
(x+1)(x-3)

XX X(x+1) _ X

(x+1)(x-3) (x+1)(x-3) x-3

1 1
: 2 3 = X . =
(X " X) x—3 x(x+3) x? -9

X
X—3

a)Dodo Q=

1
n+1-9 n-8

Suyra Q=

Theociua,tacd P = X n—+1
X—3 n+1-3

Poft—— , P 1256 nguy@n t6 nén P phai 12 s6 nguyén duong.

Jn+1-3

:>L€D =/n+1-3eU(3)

Jn+1-3
Jn+1-3 1 3
Vn+1 4 6
n 15 35

Thit lai, v6i n =15 thi P =4 12 hop s6 (Ioai):
v6i n=35 thi P =2 lasb nguyén té (thoa man)

Vay v6i n=35 thi P =2 1as6 nguyén to.
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Bai 19. Cho X, y,z >0 va khac nhau d6i mét. Chirng minh rang gi4 tri caa biéu thuc P khong phu

thuoc vao vi tri caa cac bién.

y

) () (]

P=

Huéng dan

Y )y (Va2 (Ve )
(Vv )(Vx=ve)(Jy -V2)

X(Jy =2 )= yx + yz + 2lx -2 fy
()

(ﬁ «/E)+ x(z-y)+ \/_(\/_ \/_)
e e ey

P=

P=

(WY V2 ) (x =y (V- V2)
(Ve ) Ve )y =2

= P =1. Vay biéu thirc P khéng phu thudc vao vi tri caa cac bién.

Bai 20. Cho biéu thuc: P = Vx-ly ‘/_+\/_]ﬂ 2y
Xy Vx| Xy —ydx S xry x—y

P=

Chuang minh rang P ludn nhan gia tri nguyén véi moi x,y théa man diéu kién: x>0, y>0 va

X#£Y.

Huéng dan

Tace po| YX=AY L xedy | xfxy 2y
PR T -] xR

(B ) a2y
\/W(x—y) X+y X-y
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P—X_Z xy+y+x+2\/ﬁ+y x\/ﬁ_ 2y

Jxy (x-y) X4y X—y

o 2(x+y) x\/@_ 2y

Sy (x=y) x+y x-y

p-_2X _ %Y 5 pidy phai ching minh.

X—y X-Yy

2x+1 Jx (3 +2\/;+5
I -1 x+dx+1) (x-1 1-x

Bai 21. Cho biéu thuc: P :(

a) Rat gon biéu thuc P.

, o . 8
b) Tinh gid tricoa P khi x=———.
) Tinh gia tri 375

¢) Tim x dé P ¢6 gié tri 1a sé ty nhién.
d) Timxdé P <-1.
Huéng dan

C 2x#1-Nx(Vx=1) 3(Vx+1)-24x -5
a) Taco: P= :

i (g

2X+1—X+~/x . Ix-2
() (A5

P=

Xx+/x +1 (\/;—1)(\/;+1)
(\/;—1)(x+ x+1)' Jx-2

P=

Jx+1
Ix-2

P= .PDKXD: x>0 va x#4.

b) x:@:6+2\/§:(\/§+1)2:>\/;:\/§+1 thuoc TXD.

Thay vao biéu thic P, ta co:
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b \/§+1+1_\/§+2_(\/§+2)(\/§+1)=7+3\/§'

. J5+1-2 5-1 5-1 4

c) Tacs: P=1+ . D& P c6 gid trj 1a 56 ty nhién thi vx —2e U(3) va x> 2,

3
Ix -2

Tur @6 ta c6 bang gia tri sau:

Jx =2 1 3
Jx 3 5
X 9 25

Két hop voi tap xdc dinh, véi x €{9;25} thi P nhan gia tri 1a s6 tw nhién.

\/;+1+1<0<:> 2x-1

Jx =2 Jx =2

d P<-1P+1<0=> <0

= 2/x =1 va /x — 2 khac déu.

Mit khac, ta co Vx —2 </x 1< 24/x -1

\/;_2<0 Xx<4
Do do: = 1
2Jx-1>0 x>

Két hop vai tap xéac dinh, ta co: S :{x/% <X< 4} thi P <-1.

(\/;_\/y)3+f/);_2+y\/y+3\/g_3y
x\/§+y\/y x—y

Bai 22. RUt gon biéu thuc: P =

Voi x>0,y>0, x=y.
Huéng dan

Ta co:
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b_ x3/x =3x,Jy +3yx -y y+2x\/_+y\/_ 3\/§(\/§_\/§)
xx +yfy (x/;+\/§)(\/§_\/§)
P 3xy/x — 3X\/§+3y\/_ 3y
xx + Yy \/§+\/§
o_ 3\/;(X—\/W+ y) 3\/9

(o) Porey) e

o__3Vx 3y _3Wx+3Jy
x+\/_ Uiy ey

Bai 23. Chitng minh rang néu a, b, ¢ la cac sé duong théa madn a+c = 2b thi ta ludn co:

1 1 2

Jaib b+de a+ie

Huéng dan

Tu gia thiét, suyra a—b=b—c

1 1 _Na-vb Vb-Ve_Ja-ie
Ja+ivb ‘b+c  a-b b-c a-b

Va-e 2(Vak) o
_a+c  a-c  Ja++c'

2

Xét vé trai:

Vé trai = VVé phai. Didu phai chang minh.

Bai 24. Chirng minh rang: t - -t s 1 >4

V1+v2 3+44 \B+i6 T \79+4/80

(Tuyén sinh 16p 10, THPT chuyén PHSP Ha Néi, nam hoc 2011 — 2012)

Huéng dan

1 1

1 1
NN N T 7N N N[ P T

Cach 1. bat A=
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1 1

1 1
2B Ja+s a7 JB0+BL

e Taco: A>B=2A>A+B
1 1 1 1

1
42 V243 JBada Jais T Y808l
V2 i -2 JA-\E 5-Ji_ JEl-\ED

2-1 3-2 4-3 5-4 81-80

<:>A+B:\/8_1—\/i:8

Pit B =

e Xét A+B=

< A+B=

Ma 2A> A+ B = 2A>8= A>4. biéu phai chitng minh.

1 1

1 1
N Y TN Y N I T}
po B BB JT-B BT

Céach 2. Taco: A>

3-1 5-3 7-5 7 81-79
> \/8_12_\& =4 . Biéu phai chitng minh.
Bai 25. Cho day s6 a,;a,;..;a, thoaman a, =1va a_, \/§+a” voi n=1,2;3.... Tinh a,, .
"1 J3a,
Huoéng dan
\/— J§+a
Taco: a, = 1- J_a 3 J3-3a,++/3+4a,

J§.(J§+an) " 1-+3a,-3-43a,
1-43a,

_23-2a, f3-a,
" _2-23a, -1-3a

=a

NP Gl
-1- \/_a _—\/§—3an+\/§—an
\/_(\/__an) ~1-+3a, —3++/3a,

-1- \@an

Taco: a =

57. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Tudosuyra a =a,=a, =...=a,,,. Vay a,,, =1.
.- £ \ n 1 1 , . N 1
Bai 26. Cho sé thuc a >0 théa man a—= =+/a + —— .Chtng minh ring: a—==+/5
a

a Ja

Hudéng dan
N 1 1 1
Tur gia thict [\/EJF\/:J(\E_\/:J:(\/EJF\/:J
a a a
1 1 5
:>\/5—\/::1<:>a—\/5—1:0c>a—\/5+z—2=0
a

(o)

Nhdn xét: Vi +/a >0 nén ﬁzl‘sz loai, suy ra \/_—\fz !

Xeta+\/7 for, 2 Z(IH) ¥5 —1+45+1 =5

2[12 5-1 2

Tir do ta c6: a—~ = \E+i =+/5. Didu phai ching minh.

a Ja
Bai 27.

a) Cho x,y,zeR" thoaman: x+y+z+./xyz=4.Tinh

P= \/x4 y)(4- z+\/y4 x)(4-2) \/24 y)(4—x)—+/xyz .

b) Tim nghi¢ém nguyén khong am cua phuong trinh:

\/x+\/x+...+\/_ =y (n dducan, n>1).

Huéng dan

a) Taco: X+y+z+Xyz =4 4(x+y+2)+4xyz =16

Mat khac:
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X(4-y)(4-2)=x[16-4(y+z)+ yz]:x[4(x+y+z+4 xyz —4(y+2)+ yz]

= x(4x+4 Xyz +yz)=x(2\/§+\/ﬁ)2

:>\/x(4—y)(4—z) =«/§(2\/§+\/ﬁ): 2X+[XYZ .
Churng minh tuong tu

\/y(4—x)(4—z) =2y +4/xyz.

\/2(4—x)(4—y) =2Z+4Xyz .

:>P:2x+2y+22+3\/W—M.

:P:Z(x+y+z+ xyz):8.

b) Nhan xét: X+ JX 1a sb chinh phuong vi

\/X+ X+...+\/;=y (n dau can) .

:\/x+ X+...+4X =y?—x (n-1 dAu cin).

:\/x+\/x+...+\f :(yz—x)z—x (n—2 dau cin) .

= X+~/X 13 s chinh phuong .
:M/;(\/;+l)le‘1 s6 chinh phuong = x=0=y=0.

Bai 28. (Truong chuyén tinh Binh Thudn nam 2019-2020)

\/§ _\/;+1_5—9\/§
Jx+5 5-4x x-25

Cho biéu thic: P = vol x> 0,x = 25.

a) Rut gon biéu thirc P.
b) Tim tit ca cac gia tri cua x dé P < 1.
Huéng dan
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5 sl JH{s ) (s ) (5-o45)

VP = rs 5ox x—25 (Vi +5)(5- %)

Z(sﬁ—x)—(x+6&+5)+(5—9&): 2x-104X ~2x(x+5) N
B o R N R N R N R
2% 2% 2x-(Vx-5)  fx.s

b)P < 1<:>\/_ c <le m—1<0<:> N <0<:>\/;_5<0

<:>\/;—5<O<:>\/;<5<:>0£x<25
Vay 0<x<25

Bai 29. (Truong chuyén tinh Binh Dinh vong 2 nam 2019-2020)

A F) - )
W2+ 3+5 242- \3- 5

R0t gon biéu thuc: 4 =

Hudéng dan

(2J§+\/3+ )(2( J3- ) 8- 26- 245 + 26+ 245 - 9- 5

= 8- 2\/(6- 1)2+2\/(J§+1)2- 2=6- 245+ 2+ 25+ 2= 10.

V2(3+45)(22- \3- )= 4(3+ V5)- (3+ VEW6- 245 = 4(3+ V5)- (3+ V5)(¥5- 1)
= 12+ 4+/5- 24/5- 2=10+ 2+5.
V2 (3- 5)(232+ 3+ 5 )= 4(3- V5)+ (3- Y56+ 245 = 4(3- V5)+ (3- V5)(V5+ 1)

=12- 45+ 2/5- 2=10- 2+/5.

Do d6:

V2(3+ ﬁ)(zﬁ- V3- ﬁ)* V2 (3- ‘/5)(2*/5+ v3+ ‘/_) 10+25+10- 245 _20

(2v2+ 3+ 5 )(242- \3- \5) 10 10

A=
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Vay A= 2.

Cach khac:

«/5(3+\/§) _ 6+ 25 _ 6+ 25 :6+2\/§:2_
2\/§+\/3+\/§ 4+\/6+2J§ 4+\/(\/§+1)2 5+4/5

Ta co:

V2B3-V5) 6o 2y5  _ 6-285  _6-245 4

_2_—

20W2- -5 4-6- 25 4. /(\/g 1)2 C5-5 T 5-45

Dodo: A= 4. B4 4 8, 20-45+20+4V5_
85+ 5 5- 55 25- 5 20

0

Vay 4= 2.

Bai 30. (Truong chuyén tinh Bac Liéu nam 2019-2020)

Rt gon bidu thuc: B=(13—4\/§)(7+4\/§)—8\/20+2\/43+24\/§ ,

Huoéng dan

B=(13-4V3)(7+4V3) 820+ 243+ 2443

- 91+ 52\/§—28\/§—48—8\/(\/13—4\/§ N 4\/5)2

- 43+ 24\@—8(\/13—4\@+\/7+4\@)

- 43+ 24\@—8[\/(2\@—1)2 n \/(2+ ﬁ)zj

= 43+ 24\@—8(2\@—1+2+\@)

=35
Bai 31. (Truong chuyén tinh Bic Giang chuyén todn nam 2019-2020)

Cho x,y lacac s6 thuc duong va
61. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén

4- L. 2.

4

5+ .5



P=\/x+§/x_2+i/a+\/y+€/F+§/ﬂ+«/3/§+%/§+1.Ch1'mgminhrﬁng
3/;+§/§+1:3/§.
Hudéng dan

Pat a=3x;b=3%y (a,b>0),tacé

P=+a’+a?+a’b+b’+b?+ab? +a+b+1
=(a+b+1)va+b+1 '

IP? =a+b+1=x+3y+1..
Bai 32. (Truong chuyén tinh Bdc Ninh vong 2 nam 2019-2020)

x*- 2x3+ 3x?- 38+ 5

Yx?- 4x+ 5

Tinh gi tri cta biéu thic: A = khi x =2++/3 .

Huéng dan

Taco x—2=\/§:>(x—2)2 =3=x?-4x+1=0.

X2 —ax+5 =~/x2 —4x+1+4 =2

x* —2x3 +3x% —38x+5

-5
(v A3 L 2 3 qy? 2 _E__ _ -2
_(x 4x° +X )+(2x 8x +2x)+(10x 40x+10) 5--5pb A 5

Bai 33. (Truong chuyén tinh Cao Bang vong 2 niam 2019-2020)

1 24/x (2
Ix =1 xx+x-x-1) X+1

Cho biéu thirc P:[ Jv(inZO,X;tl.

a) Rut gon biéu thic P.
b) Tim tit cac gi tri ciia X dé P >1.

Huéng dan

62. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



a) Bién doi duoc

1 2k 1 2d
X =1 xfx+x—x-1 x-1 (ﬁ—l)(x+1)

Bién do1 duoc

1 2x x+1- 2%

-1 (Vx-1)(x+1) (VX -1)(x+1)

1- 2\/; B x+1—2\/;

X+1 X+1

1

Ix -1

P=

21@2_\/;

1
Ix-1 Ix-1

. 2-Jx>0 [x<2 {xg4
: =
Ix=1>0 Ix >1 x>1

by P2l >0

=1l x<4

0

0

\/; 1<0<:> \/;<1 « <1 (khong xay ra).

{2—J§30 {J?zz {x24
TH2:

Vay cac gia tri x cantimla 1< X<4,
Bai 34. (Truong chuyén tinh Can tho chuyén toan nam 2019-2020)

, X —./4(x-1) + x+«/4 x-1
Cho biéu thac A:\/ (-1 \/ ( ).(1— 11] trong d6 x>1,x#2 .
X_

x* —4(x-1)

a) Rt gon biéu thuc A
b) Tim céc gié tri nguyén cia x dé gia tri biéu thirc A 1a sb nguyén.
Huéng dan

a)

63. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



A\/X_4X1)+\/ \/7( 1)

—4(x-1) -1
A_\/X—Z\/x—1+\/x+2\/x—l (X—ZJ
VX2 —4x+4 \x-1
‘\/ 1‘+1+\/ X —
x—2| (x 1)
£ . 2
Néu 1< x<2 thi A=—
1-x
x - 2
Néu X>2 thi A=
x-1

b) - Néu 1< x < 2 thi khdng c6 gia tri nguyén.

-Néu x>2 thi A=

+ Jx-1l=1x=2
+ix-1=2<x=5

Bai 35. (Truong chuyén tinh Gia lai chuyén tin nam 2019-2020)

X +416x =7 Jx +1 X -3

Rat gon biéu thuc: P = - —~ (x >0,x =1).
x+2x =3 x+3 -1

-

(
(

n

Huoéng dan

X +416X =7 X +1 Jx -3
x+20%x =3 Jx+3 \/_1

P =

Corar (e a) (R ) )
SO W\

(eaf(ees) (Fers)(ey

64. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



_ X +4X =7 2x —10
(b)) ()]
x+4\/>7+3

(\/_+3( =

|
)l )
s
\/;+1

Jx -1

Bai 36.(Truong chuyén tinh Chuyén DHSP vong 1 nam 2019-2020)

Cho cac sb thuc x,y,a thoan man \/x2+,3/x4y2 +\/y2+§/y4x2 =a.Chung minh rang

Hudéng dan

Pat s=%x% va t=3y? thi ding thirc d& bai c6 thé viét lai thanh v/s*+s’t + V¥ +t’s =a
DO s, t>0 nén vs® +5% =sVs+t, Vt* +t?s =t/s+t
Turdotacd (s+t)vs+t=a hay (S+t)3 =

Suy ra s+t=%/a’ . Pay la két qua cAn ching minh,

(Dé thi HSG 9 huyén Tri¢u Phong 2019-2020)

2
(&“/?) x-y  wr-yly
XNX + y\/; \/;— \/g X=y

Cho biéu thirc B =

a) Rut gon B.
b) So sanh B va v/B.

Loi giai
a) x,y>0,x=y.

65. Puong tuy gian khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



Tacd: B=

5G] (1556 (-5
e ST | R e ¥
il (o
Cx- xyfy'{f g ﬁfﬁq

B \/;+\/? .x+2 xy+y—x—@—y
Fry

Gy
oy iy

Bzﬁ
X

“NXYTY

b) Vi x,y>0:>\/E>0 Va X —\[xy +y = {f \/7] 2750, vx, y>0
Nén B >0 voi moi x,y thoa man diéu kién da cho

Lai co: (\/;—\/;)2 20<:>x+y—@2\/5

:>x+y_\/x>s\/x7
Yy
SR AN

Déu “=“khong xay ravi x #y

=

Vay 0<B<1,nén \/§>B

(D& thi HSG 9 huyén Triéu Phong 2019-2020)

Cho biéu thiic D = y/4—10-245 —\4++/10-25 +\E(\/2+\@+\/14—5\@)

Chung minh D 12 nghiém ciia phuong trinh D* —14D +44 =0
Loi giai

Ta co:

D=\4—10-245 —4+10-245 +\/E(\/2+J§+\/14—5J§j

66. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



D =y4-y10-245 —\4+10-245 +4+245 ++28-10v3
D= \/4-10-245 —\/4+10-245 +3+1+5-3
D—6=\/4—M—\/4+\/m ,Voi (D-6<0)

& (D-6) =8-2y16-10+215

& (D-6) =8-2(V5+1)=6-25

<:>(D—6)2=(\/g—1)2
—D-6=1-+/5hay D=7-+5
Taco: D*-14D+44=0
@(7—\/5)2—14(7—\/5)+44=0

& 54-14/5-98+14/5+44 =0
Vay bai toan dugc chitng minh

(Dé thi HSG 9 huyén Nong Cong 2019-2020)
2 5Jx 1 J Jx-1

1+2J%  4x-1 1-2JX ) 4x+4dx +1

a) R0t gon biéu thic A

1-2x

2

Cho biéu thirc : Azl—(

b) Timx dé A>
Loi giai

142X 4x—1 1-2Jx ) 4x+4adx+1
Véix #1;x # i;x > 0 biéu thuc A ¢6 nghia. Ta co:
_1_2(2\/;—1)—5\/;+2\/§+1_ Jx -1
@Vx+DVx-1)  (2Jx+1)
Jx-1 (2Vx +1)?
ao1 2 &1 ) Wx-t @+ DV -1) Vx-1
1+24dx  4x=1 1-2Jx ) 4x+4Jx+1 2x +1
—1—
2Jx -1
-2

T 2dx-1

67. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



1-2x 2 1-2Jx

b) Taco: A> & >
) 2 20x-1" 2
(2( 0’4 (2J_ 1-2)(2Vx -1+2) 2x -3
>0 >0
C2x-1 24/x -1 2x -1
9
X>=
2x=3>0
THie |2X320 177 9
2Jx-1>0 x>1 4
4
O<x<9
2x-3<0 =t
TH2:<:>{\/_ < & 4<:>03x<1
24/x~1<0 O£x<l 4
4
Vay 0< x < ; hogc x > =
(Dé thi HSG 9 huyén Yén Pinh 2012-2013)
— 2_
Cho A— Jx 2 X +2 .X 2x+1
x—1  X+24/x+1 2
a) Rutgon A.
b) Tim x dé A> 0.
¢) Tim gia tri 16n nhat cua A.
Loi giai
a) bPKXD: x>0,x#1
A=—x(/x-1)
b)
A>0c>—\/§(\/§—1)>0<:>\/;(\/;—1)<0
K0 (vi ¥x > VX -1)
= < 0<x<l
J;—1<0
c)
1 1
A= f(f 1) =—x+ x——+—=—(f——) +=<=
4 4 4
:>AS1
4

Vay GTLN cia A :% khi &:%@ x:%(t/m)
(Pé thi HSG 9 huyén Chu Sé 2019-2020)

Rit gon biéu thuc: M = \/4+ \/5J§+ 548 1047+ 445 .

68. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




Loi giai

= \/4+ \/5J§+ 5\/48- 107 + 443 = \/4+ \/5 3+ 5\/48- 10(2+ J§)

= \/4+ \/5\/§+ 5\28- 1043 = \/4+ \/5 3+ 5(5- J§)
= W4+ \/2_=\/§=3.

(Dé thi HSG 9 huyén Tam Dwong 2019-2020)

Tinh gié tri cta biéu thuc sau: A= \/4+m +\/4—\/m
Loi giai

A=\4+10+245 +y/4—10+ 245 >0

A =4+M+4—M—2\/16—(10+2J§)

=8+ Zm
=8+ 2,/(5- 1)
=6+ 25

A% = (\@+ 1)2

A= 5+1 (Do A>0).
(D¢ thi HSG 9 huyén Thuong Tin 2019-2020)

1 ][2x+«/’ -1 2xfx+x- J_]

Cho biéu thirc: P = (

1-Jx  Jx 1-x 1+ x/x
a) Rutgon P.

b) Chiing minh: P >1.

Lai giai

a) biéu kién: P ¢o nghia: x>0;x =1

{25 MMW ) ok

5 || ) <1+ e

_ 2x -1 2f1 X
(1-Vx)¥x | 1= 1o J_+x

_ o 20x-1 2x -1

[ R

69. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



:1—\/§+x
o

b) P:l_*/f;” :%+\/;—122 /%.\/}—1:1 (BDT Cauchy)

. 1 A , S . A
Vi dang thuc xay ra © —= = X < x =1khong théa man diéu kién xac dinhnén P >1.

N2

(D& thi HSG 9 huyén Pirc Co 2019)
Iy =y xay
x-2y 2Jx+2Jy y-x

2x-3x -2 B_\/x—3+«/;+2x+2

Ix=2 IX+2
Loi giai

CxRly I=dy xy L Wxsy Wx=yy XY

1. A -

U ak-2fy ey yx o 2(Vx-Jy) 2(Vxey) x-y

ey Ry xay
2(Vx=y) 2(xy) () (Sxy)

:(&+ﬁ)(&+ﬁ)—(ﬁ—ﬁ)(ﬁ—ﬁ)+2(x+ y)
2T

_ 4fyraxrzy Z(x/§+\/§)2 ey
- e 5] 5]

1. Rat gon biéu thic: A = Vol X, Yy >0, X#Yy

2.Cho A= . Tim x saocho A=B.

Viy A= YHY
iy
2.+ Taco: A:&\&_2 xac dinh khi x>0; x = 4.
Ix-2
ax—adx-2 (Vx-2)(2vx+1)
A= = =24x+1
Jx-2 Jx-2
3
+ Ta co: B=\/X_+\/;+2XJr2 xac dinh khi x> 0.
\/§+2
X + X +2%+2 (*/;+2)(X+1)
B= = =X+1
\/;+2 \/;+2

Tacé A=B nén 2/X+1=x+1 < x—2/x=0 @&(&—z)zo

70. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



2-Jx=0" |x=4

Két hop vai diéu kién suy ra x=0

V 0 {x=0

Vay x=0 khi A=B.
(P& thi HSG 9 huyén Binh Giang 2019)
Cho bidu thirc A= 1 X

1
+ J—
Jx=2 Ix+2 4-x

1) Tim x dé A<1.

2) Biét A:%-(\/19+8\/§ +\/19—8J§)—1, hay tinh gi tri cia B = ‘/2;+3 (2A).
—X
3 Ti AR A 4R 1A , _ \/_— A s A
) Tim gié tri cia X nguyén dé€ biéu thuc P = A: Ik nhan gia tri nguyén?
4) Tim x dé A.(«/;—Z)+5\/_=x+4+«/x+16+\/ -
Loi giai

1 N 1 X
Jx=2 Ix+2 4-x
_\/§+2+\/;—2+x

(Ve-2)(¥x+2)

x+2\/;
()2
W
(-2

Rut gon: A= diéu kién: x=4;x>0

A=

& <0
Jx -2
:>\/§—2<O<:>x<4
Kéthquiéukién X#4;x>0taco: 0<x<4

Tacé: A=x. (\/19+8\@+\/19 8[) (\/(4+\f) \/( I)Zj—l

%(4+\/§+4 J_)
:(\/_;/iz):3:\/§:3\/;—6©2\/;:6©\/;:3<:>x:9

71. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



Thay x =9, A=3vao biéu thic B_\/_+3 (2A) ta duoc B=\/§+3:(2.3) 61 -
—-X 2-9 76 7
Ta co: P=A:\/;_3= Jx :‘/__3: Vx _ g3
2-JIx  Jx-2"2-x 3-x 3-/x
3
bé P nguyén thi Z:>3—\/;e -3,-11;3
guy " { J
Ta c6 bang sau:
3-x -3 -1 1
X 6 4 2
X 36 16 4

Do x#4 nén xe{0;16;36}

Thay A:(\/_—\/;) vao bidu thie A.(&—2)+5\&=x+4+\/x+16+«/9—x ta duoc:
X—2

Y (x NresT A

\/__2.( x—2)+5\/_:x+4+ X+16 +vV9-X

o IX+5X =X -4 =+/x+16 +/9—x
& —X+6X -4 =/x+16 +/9—X

5—(\&—3)2=\/x+16+\/9—x
Voi x#=4; x>0, ta co:
VT =5—(J§—3)2 <5 dhu <=

VP =/X+16 +/9—X >/Xx+16+9—x =5, ddu “="
Do VT <5VP>5=VT =VP < x=9
(Dé thi HSG 9 huyén Chwong My Vong 2 nim 2020)

X y Xy
Cho H = - - .
BRI N v v BN (R S T

Tim x,y nguyén dé H =20.

Xay ra o Jx-3=0<x=9

xayra < X=9

DKXD: x,y #1x,y>0. Lo
Ta co: \/;Jr\/y_\/@_y:(\/;+\/§)_\/§(\/§+\/§):(\/§+\/§)(1—\/§)
Xy + X+[=J_( X+\/_) (\/_ \/_):(‘/_“L\/‘)(\/;"'l)
x+l—\/_ \/_ ( X+1) \/_(\/;+1) (‘/_+1)( \/_)
x(x&+1)—Y( —\N)—xy(&ﬂ/y)
N e (e
oo X x+x—y+y\/§—Xy\&—Xy\N
e -5
e x5 y-]
e

72. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén

Khido H =




Y :\/;—\/y+x—\/ﬁ+y—xy
(1) (Vx+1)
()~ =y )y o))
D

G s e e

(=) (Vx+)
o VA ) e Jy ey

1-Jy -y

Rl )4 5) (- )

=
H =R (LY )y =5 -y
Taco H =20= X+ —Jy =20 = x|y +1)—(\/y +1) =19
= (Jy +1)(vx -1)=19=19.1=1.19= (-1).(-19) = (-19).(-1)
THL: {*Nﬂzl {y:O

H=

H

=
\/;_1=19 X =400
+1=19 =324
TH2: W :{y
Jx-1=1 x=4
Jy+1=-1 '
THS3: = loai
Jx-1=-19
Jy+1=-19 '
TH4: = loai
Jx-1=-1

Vay voi x=400;y =0 hoac x=4,y =324 thi H =20.
(Pé thi HSG 9 tinh Thanh Héa 2012-2013)

\/§+2 _\/;+3_\/;+2
x—5Vx+6 2-+x &—3J

1/ Rut gon biéu thirc A.

(&

Cho biéu thirc : A:[
e 2 1 5
2/ Tim cac gia tri cia x de A <——

Loi giai
1/ Rat gon biéu thirc A.

Ix+2  Afx+3 fx+2 Ix
A= - - | 2——— :
(X—5\/;+6 2_\/; \/;_3 \/;4_1 (PK:x x>0,x#4,x#9)
A:..,:\/;-’_l
X—4

73. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



2/ Tim céc gid tri ciax & L <_2

>
N

1o 5 X% 5 oy 8< BYx-5
AT 2 T x+1 2
=

X +5¢X 350 —3<x <= <:>o<&<_

<:>O£x£E
4

Két hop véi PK = osxs%

(D& thi HSG 9 tinh huyén Cim Thﬁy 2011-2012)
Cho biéu thtc: P = X+2

X— \/_ x+2\/_ (\/_ 1)(x+2\/_)
a. Ratgon P.
b. Tinh P khi x=3+22.
c. Tim gia tri nguyén cia X dé P nhan gia tri nguyén.
Loi giai

a)

P X+2

f(f 1) f(&+2) RCEE

_x(\&+2)+2(&—1)+x+2_x\/§+2x+2\&—2+x+2

WD+ G- +2)

_x\/;+2x+2\/§+x_\/;(\/§+1)(\/§+2)_(\/;+1)

S -DWx+2) XWX +2) (WX -1)

b) X=3+2v2 & VX =42+ 242 +1=|(N2 +1)* =2 +1
X+1) 2+1+41 2+2
:Eﬁ—1;:ﬁ+1_1: 2 =142

c) bK: x>0;x#1:
_ (x4 _Vx-1+2 2
Wx-1  x-1 T x-1

Hoc sinh 1ap luan dé tim ra x =4 hoic x=9
(Pé thi HSG 9 tinh Thanh Héa 2011-2012)

, x o Q
Cho biéu thic P = y X182 2 Sx- 1+l 1 -
3+ \/ -1 10- xggx- 3Vx- 1 \X-
1) Ruatgon P

3+2\/§_J3—2\/§
3-242 \3+22

2) Tinh gidtricaa P khi x=</

Loi giai
L x-1 +x+8°a33\/ 1+1 1

1) P= E E
3+ Jx- 1 10- xFEx- 3x- 1- 1 Jx- 13
74. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén

_(BK x>1x!' 10;x' 5)



bat Vx-1=a (a>0)
3a+9 .d 2a+ 4“u= 3@a+r3) a(@@-3)  3a
(a+ 3)3-a) @ a- 38 (@+3)3- a)2(@+2) 2(a+?2)

sx- 1 3x-1(Vx-1- 2)
Co(x-1+2) 2(x- 5)

2)

S22 3 22 4 2= 3+ - \3-
\/3 2 \/3+ 22 \/(3+ 2y2)"- \/(3' 2J2)? = 3+ 22 - \3- 242

=1+ 2- (V2- D=2 (TIM)
—a=Xx-1=+/2-1=1 (T/m)
a ] 31 ] 1
2@+2) 2@+2) 2
(D¢ thi HSG 9 huyén Vinh Bao 2013-2014)

Cho biéu thirc: p — (‘/_j/i» ‘/_\/IJ( LJFZXVJ
— /X 1+ 1-xy

a) Rat gon biéu thuc P.

b P=-

2

b) Tinh gid tri caa P vai x — .
2++/3

Loi giai
a) DPKXD: X >0;y>0;xy #1.

Mau thic chung 1a 1 — xy

P (\/;+\/§)(1+\/E)+(\/;—\/§)(1—\/E) 1—Xy+X+Yy+2xy

1-xy ' 1-xy
X Xy #Jy #yx +x =xJy =y +ydx  1-xy
1-xy 1+ X+Y+Xy

C2(Wx Y X)) 2dx@+y) 24

CA+X)0+y)  @+x)A+y) 1+X

N 2 2(2-3)
b)Taco.x_2+\/_ T3 =3-23+1=(/3-1)?

Vx=J(3-1)" =\3-1=+3-1

75. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



ey 22
C1+(W3-1)7 1+3-23+1
2(\/3-1) 6V3+2
5-2J3 13

(Pé thi HSG 9 tinh Hai Dwong - 2013-2014)

J1-/1-% .(J(1+ X)? ++/(L—X)? )

P=

Rt gon biéu thie A=

2-J1-%
voi —1<x<1.
Loi giai
1-J1-x .(\/1+ % +1— x)(Z—\/l— X2 )
A=

2-1-x2

=i (VR X)) = (180 ) (V) =1 (24246

=/2X°
- V2

(Pé thi HSG 9 tinh Thanh Héa 2013-2014)

x+1 Y+ Dy X x4l
BT )

a) . Rat gon biéu thic A.

Cho biéu thirc A = (

b) Cho - +-L =6 Tim gia tri lon nhét caa A.

NN

Loi gii
a) biéu kién: /xy #1.

(1 ) (4 R 1)+ (1)1 )
(5 +1)15)

(45 +1) (15 )+ (4 + ) (7 1)~ (45 )5
(o +J(1-)
Ry )+ (7 R 1)+ (5 +1)a- )
(07 + (1 )+ (s =6 1) (- 2)a— )

76. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



__d+x
Xy + 4%y
1

y

Vay A=

X ||
&

b) Theo Cosi, ta co: 6 =

L 1
Dau bang xay ra < 11 SX=y= 5

NN

A . 1
Vay maxA =9, dat duoc khi : x =y = 5

(D& thi HSG 9 huyén ... 2013-2014)

Cho biéu thic: P —[*/EH */a_1+4\/5](\/5_i)

4a

Ja-1 Ja+1 Ja
a) Rut gon P.
b) Tinh gia tri cua P tai a:(2+\/§)(\/§—1)\/2—\/§.
Loi giai

) biéu kié 20 0
a) Diéu kién a>

{ﬁil@{a;&l

Ja=0

_(Va+1) -(va-1) +4a(a-1) a_1 4Ja+sasa(a-1) afagra-1)
a-1 "Ja Ja Ja

vay P=4a

b) Taco: a= \/(2+ \/5)(2—\/5)(2+ \/5)(\/5—1)
e )1 [ B - e a2

- [l ) -

Vay a=~/2 dod6 P=4a=4+/2
: (D¢ thi HSG 9 tinh Thai Binh 2011 - 2012)
Cho biéu thuc:

P=y1—x+(1=x)V1=x* +4fl-x—(1-x)1-x" véi x [-L1]

77. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén




Tinh gi4 tri cia biéu thic P véi x — 1
2012

Loi giai
Tacé:+) 2(1-x)+2(1-x)V1-x* = (x* =2x +1)+2(1-x)V1-x* +(1-x)

:|i1—x+ﬁ}2
9 2(1-x)-2(1- i =[x i ]

Suy ra: P\/Ez‘l—x+\/1—x2 +‘1—x—\/1—x2
=1—-x++1-%° —I-\/I—X‘\/I—X—\/l—l-x‘

-1
Vix=——=1-x>1+ =Py2=2(1-
1 X 2012 X X \/_ ( x)
1 2013
=>P=V2|1+—— |=——/2
[( 2012) 2012f
AyP—2013
2012

(D& thi vao 10 chuyén TPHCM 2010 - 2011)
Thu gon biéu thic: A= V745 +7-5 J3-242

J7+2411
Loi giai
Xt M =V7+5+47 -5
\/7+2«/ﬁ
TacoM>0va MZZMZZ ,suy raM =+/2
7+2J11

A=+2-(J2-1)=1

(P& HSG 9 huyén Xuyén Méc 2016 - 2017)

2% -9 2&+1+&+3

R0t gon biéu thuc: P = +

X—5JX+6 J/x-3 2-Jx

voi X220 Xx#4:x#9.

Loi giai
2X =9+ (2VX +D (VX —2) - (Vx =3)(x +3)
(VX =2)(v/x -3)

o_ Xx—Vx-2  (\x-2)x+1) _Vx+1
Wx-2)(Vx-3) Wx-2)(x-3) /x-3

78. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén

Taco P=




(D& thi HSG 9 Tinh Kién Giang 2012-2013)
Rt gon: A= X +5X+6+Xy9- X 2x

(2., 1+ —
3X— X% +(X+2)V9-x?

PK: -3<x<3

(X+3)(X+2)+X\/3T\/_ 3- X,
x(3— x)+(x+2)J3TJ_ 3-X 3-X
\/3T(X+2)\/3+X+X\/3 x|
RN A e x+z)¢—} 23—
\/?T 3+x

3-x

(D¢ thi HSG 9 Tinh Kién Giang 2011-2012)

Thuc hién phép tinh : 2443 | 2-\B
V24243 2-\2-43
Loi giai

Nhan sé bi chia va sé chia véi /2 ta duoc:
B oA ez V) 2(ze) (o)
2+\/2+I 2-2-\3 2+\/4+2\f 2-\a-23 2+ 3+1) 2-(+3-1)

24 2 2++/3).(3=3)+(2=3).(3+3
o[£, 28, (2O ) -8

2

(Pé thi HSG 9 TP Pa Ning 2015-2016)
3a++9a-3 +a+1 J_ 2
a+«/_ 2 «/5+2 1- \/_

a) Rut gon biéu thirc M
b) Tim tat ca cac gia ti nguyén cia a dé biéu thire M nhan gia tri nguyén.
Loi gidi

Cho biéu thirc M =

véi a>0a#1

79. Duong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



saisfis  (EHEy (7))

" () )
M =3a+3x/5—3—(a_1)_(a_4) _ a+3Ja+2
(«/5—1)(«/5+2) (\/5_1)(\/5+2)
_(\/g+1)(\/5+2)_\/5+1
(Va-1)(va+2) Ja-1
Ja-1+2 2
M= \/g—l :1+\/a_1
M nguyén < \/52_1 nguyén < +/a—1 1a uéc cua 2

o a-1e{-112) < ae{0;4;,9) (dova > 0)
(Pé thi HSG 9 Tinh An Giang 2013-2014)
1 1 1 1

1
B T N N PR /Y R - T

Loi giai

1 An+dn+l
Taco.\/ﬁ_m— A ——(xmﬂ/f?l)
T = (VL+32)+(V2+3) (V34 V) +(v& 5 ) ~..~(+/99 + 1100 )
=1-2+2+3-3-4+4+5-...—\99 - 100
=-1-4/100 = -11

(P& thi HSG 9 Tinh Quéing Nam 2017-2018)

X+8 1 X+ 4—4x

+ +
XX +8 X—2/x+4 X—4
R0t gon biéu thie A. Tim céc s6 nguyén x dé Ala sé nguyén.

Cho biéu thirc A=

Loi giai
A X+8 P S x-2|
(\/;+2)(x—2\/;+4) x—2+/x +4 (x—ﬁ).(xm@)

3/x+6 3
(\/;+2)(x—2\/§+4)_ X—Z\/;+4

= x—2/x+4 la uéc cua 3; chi cd x—2+/X +4 =3 c6 nghiém x =1 théa man DK.
(D& thi HSG 9 TP Vinh 2016-2017)

3, 2 _
Tinh gia tri cia bidu thac: P:\/X X AXH3-6 i 1432494
I -2x2—7x+3

80. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Loi gidi
Taco x(¥2-1)=(1+32+4)(32-1)=2-1=1
Suy ra x¥/2 = x+1=2x* = (x+1)° hay x* =3x*+3x+1

Do d6

\/3x +3Xx+1+ x> +5x+3-6 \/4x +8x+4-6
V32 +3X+1-2X* —Tx+3 X —4x+4

_,/4(x+1) —6_2|x+]4—6_2(x+1) 6 _2x-4 _s

(x—2)2 |x+2| X—2 X—2

(Vi x=1+3%2+34 > 2)

Vay P=2 tai x=1+32+3%4.
(D2 thi HSG 9 Tinh Quéng Ninh 2018-2019)

Y2 +7+2410 + 3334 —332 -1
JB5+42+1

R0t gon biéu thic

Loi gidi
2 +\7+2410 +333a-332-1 §EJr\/(\E*"E)z +§/(§/Z+1)3
J5+42+1 - J5++/2+1

(D& thi HSG 9 huyén Tri¢u Phong 2019-2020)

(&W;)Z{ xX-y x&y\/?]
wrtyfy \We—y  x-y

Ta co: =1

Cho biéu thirc B =

a) Rut gon B.

b) So sanh B va v/B.
Léi giai
a) x,y>0,x=y.

Tacd: B=

5] (FHE) (et
N N T | R R N EoE

_M[ -, _WJ
iy et EERS U

81. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



B \/;+\/? .x+2 xy+y—x—@—y
Fry

Gy
oy iy

B:@
X

“NXY Y

b) Vi x,y>0:>\/E>O Va X —\[xy +y = [\/7 \/7] 2750, vx, y>0
Nén B >0 voi moi x,y thoa man diéu kién da cho

Lai co: (\/;—\/;)2 20<:>x+y—@2\/5

:>x+y_\/@s\/@
Lo
oy A

Déu “ = “khong xay ravi x # y

Vay 0<B<1,nén \/§>B

(D& thi HSG 9 huyén Triéu Phong 2019-2020)

Cho biéu thic D:\/4—\/10—2\/g —\/4+\/10—2\/§ +\/5(\/2+\/§+\/14—5\/§)

Chung minh D 12 nghiém ciia phuong trinh D* —14D +44 =0
Loi giai

Ta co:

D=y4-10-245 —\J4410-245 +\/E(\/2+J§+\/14—5J§j

D = \/4-10-245 —\/4410-245 ++/4+ 243 + 281043
D=\/4—M—\/4+M+ 3+1+5-3
D—6=y4-+10-25 —y4+:10-245 ,v6i (D-6<0)

& (D-6) =8-2y16-10+25

82. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




@(D—6)2=8—2(J§+1)=6—2J§
<:>(D—6)2:(\/g—1)2

= D-6=1-+/5 hay D=7-/5
Tacd: D> -14D+44=0
@(7—6)2—14(7—£)+44=0

& 54-14/5-98+14/5+44 =0
Vay bai toan dugc chitng minh

(Dé thi HSG 9 huyén Nong Cong 2019-2020)
2 5% 1 J Jx -1

1+2J%  4x-1 1-2JX ) 4x+4dx +1

¢) Rt gon biéu thic A

1-2x

2

Cho biéu thirc : Azl—(

d) Timxdé A>

Loi giai

2 5% 1 J Jx-1

c) A=1- - _ _
) (1+2«/§ 4x-1 1-2x ) 4x+4(x+1

Véix #1;x # i;x > 0 biéu thuc A ¢6 nghia. Ta co:

_1_2QJ§—D—5J§+2J§+1_ Jx -1
- VX +D)2Vx-1)  (2Vx +1)?
o Ax=1 @x+ly
T S O S P S o N i Y N R N |
1+24x  4x-1 1-2Jx | 4x+4/x+1 2% 11
RPN R
-2

2x ~1

1—2\&@ -2 >1—2J§
2 2x-1" 2

(2x-1)2-4 0w (2JX —1-2)(2Jx -1+2) 0w 2x -3 0

d) Taco: A>

<~

2x -1 2Jx -1 2x -1
X>—
2 _
THl: < \/; 3>0<:> <:>x>g
2Jx-1>0 x> 4

83. Puong tuy gian khong di sé khong dén-Viéc tuy nhé khong lam sé khong nén



0<x J
2x-3<0 =X<7
=

¢:>0<x<1
2J§—1<0 - 4

TH2: <:>{
0<x<=
4

Vay 0< x < - hogc x > =
(D¢ thi HSG 9 huyén Yén Dinh 2012-2013)

\/;—2_ Ix+2 J X2 —2x+1

x—-1 x+2\/§+1 2

Cho A:[

a) Rutgon A.
b) Tim x dé A> 0.

¢) Tim gi& tri 16n nhat cua A.

Loi giai
a) bPKXD: x>0,x#1
A=—Ix(\x-1)
b)
A>0¢3—JﬂJ;—D>O¢>JﬂJ;—D<O
{ Jx>0 (Vi VX >/x-1)
= < 0<x<1
Jx-1<0
c)
1 1 1, 1 1
A=—\/§(\/;—1)=—x+ x—Z+Z=—(\/§—E) +Z£Z
::>A§1
4

Vay GTLN cﬁaA:% khi &:%@X:%(t/m)

(Dé thi HSG 9 huyén Chw Sé 2019-2020)

RUt gon biéu thuc: M = \/4+ \/5J§+ 548~ 1047+ 445 .

Loi giai

M = \/4+ \/5«/§+ 548- 1047 + 443 = \/4+ \/5 3+ 5\/48- 10(2+ V3)

= \/4+ \/5J§+ 5y28- 1043 = \/4+ \/5 3+ 5(5- \/5)
:\/4+\/2_=\/§:3,

84. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




(Dé thi HSG 9 huyén Tam Dwong 2019-2020)
Tinh gid trj ciia biéu thuc sau: A= \/4+\/10+ 25 +\/4—\/10+ 2.5

Loi giai

A=\/4+\/10+2«/§ +\/4—\/10+2«/§ >0
=4+M+4—m—2\/16—(10+2£)

=8+ Zm
=8+ Zm
=6+ 245

A= (\/§+ 1)2

A= 5+1 (Do A>0).
(D¢ thi HSG 9 huyén Thuong Tin 2019-2020)

1 ] 2X++/x — 1, 2X3/X + X =[x
1- f Jx 1-x 1+ x/Xx

a) Ratgon P.

Cho biéu thirc: P = (

b) Chung minh: P >1.
Loi giai

a) biéu kién: P co nghia: x>0;x =1

al=ii “)féfm) <f+( G

_ 2Jx -1 2J_1 X
(1-x)x || 1% 1&+x

_20x-1 2x -1
R )
_1—\/§+x

-

by p = 12VXHX *\/f’i” = X 1>2/TJ_ ~1=1 (BDT Cauchy)

2 1 A oA - . A
Vi dang thuc xay ra & ——= = X < x =1khong théa man diéu kién xac dinhnén P >1.

7

(Dé thi HSG 9 huyén Pic Co 2019)

85. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



1. Rut gon biéu thirc: A = \/;4_\/; \/;_\/y Xy Vol X, Yy >0, X#Yy

2x-2y 2/x+2y y-x
2x—3x -2 B_\/x—3+«/;+2x+2

Jx=2 T Ix+2
Loi giai

NN s R T .
b2y Bl v o) 2]

J_+f Jx - \/_ X+Yy
o) 2 ) B )
) ) - )2l
2]

_ afxy+2x+2y 2(&+J§)2 :\/LL\/Y
AT 2B ]

ay A= XY
2x—3x =2
Ix-2

osfiz (F-(ee)
s N =2x+1

\/x_3+\/;+2x+2
\/§+2

J_+f+2x+2 (\/;+2)(X+1)
Jx+2 X +2

Tacd A=B nén 2/x+1=x+1 < x—2/x=0 @\/}(\/}—2):0

SF A

Két hop vai diéu kién suy ra x=0

2.Cho A= . Tim x saocho A=B.

2.+ Taco: A= xac dinh khi x>0; x = 4.

+ Taco: B=

xac dinh khi x> 0.

=x+1

Vay x=0 khi A=B
(P& thi HSG 9 huyén Binh Giang 2019)
Cho biéu thirc A= 1 X

1
+ J—
Jx=2 Ix+2 4-x

86. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén

(cin 18 -c& chir 12)



1) Tim x dé A<1.

\/;+3

2—X

2) Biét A=%-(\/19+8\/§ +\/l9—8\/§)—1, hdy tinh gia tri ciia B =

Jx -3
2_Jx
4) Tim x dé A.(\/;—Z)+5\/_=x+4+«/x+16+\/ -

Loi giai

(2A).

3) Tim gia tri cia X nguyén dé biéu thic P = A: nhan gia tri nguyén?

1 1 X .
Rut gon: A= + - diéu kién: x#4;x>0
SERTR2 xr2 a—x ~
_\/§+2+\/;—2+x

- (x=2)(Vx+2)
x+2\/;
()2
I
(2

Do A<1

A=

A=

& <0
Jx-2
:>\/§—2<O<:>x<4
Kéthquiéukién X#4;x>0 taco: 0< x<4

Taco: A== (\/19+8\@+\/19 8[)
:%-(4+\/§+4—\/§)—1=

:%:3:\&:3\/}—6@2&:6@&:3@x:9

(e ol )

Thay x =9, A=3vio biéu thiic B—[+3 (2A) ta dugc B—f+93 (2. 3)—£7 %:_71
—X
Tac(’):P:A\/_3 Jx \/_3 Jx 1i
2-Ix x—2"2-Jx 3-Jx  3-x
: 3
bé P nguyén thi eZ=3-xe{-3-113
guy - { }
Ta c6 bang sau:
3-x -3 -1 1
Jx 6 4 2
X 36 16 4

87. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




Do x#4 nén xe{0;16;36}

Thay A:(\/,—\/;) vao biéu thire A.(\/;—Z)+5\/§:x+4+\/x+16+\/9—x ta duogc:
X-2
Jx
N 2.(\&—2)+5\/§:x+4+\/x+16+\/9—x

& X +5X =X =4 =x+16 +/9—x
& —X+6/x—4=/x+16 +~/9—x

@5—(J§—3)Z — JX+16++9-x
Voi x#4;x>0, ta co:
VT :5—(\/;—3)2 SS,déu“Z”Xéyra @&—320@ Xx=9

VP =/Xx+16 ++/9—x >/x+16+9—-x =5, ddu “=" xay ra < x=9
Do VT <5VP>5=VT =VP < x=9
(D& thi HSG 9 huyén Chuwong My Vong 2 nim 2020)

X y Xy
Cho H = - - .
0 XY =Xy =Y XXy +VXHJY X1 xy =Y

Tim x,y nguyén dé H =20.

Loi giai
bKXb: x,y=Lx,y>0.

Ta66: VX +Jy 37— ¥ = (VX + 3 )T (VX + 47 ) = (V5 + 43 ) (-4

X+ xy+\/;+\/§=&(&+\/§)+(«/§+\/§)=(\/§+\/§)(\/§+1)

X +1=xy =y = (Vx+1) =y (Vx+1) = (Vx+ 1) (1- 4y )

e )
b

XX EX=Y+Y y—xyﬁ—xy\/y

R CeEN e N
(VX 4y )[ VX =y +x=xy +y x|
(Voefy )=y (Ve

H :\/;—\/y+x—\/ﬁ+y—xy
)y

3 P )y )
i)

ER 1) 5 18) {14 )1045)
-

Khido H =

H=

88. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Ix=y Y+Y(1 \/;) Ix=\Jy +y-yx
= 1y
VeV )y =y (V)
-0y
H = R (137 = -
Taco H=20= Vx+xy —Jy =20 = Vx(\Jy +1)-(\Jy +1) =19
= (Jy +1)(vx -1)=19=19.1=1.19 = (-1).(-19) = (-19).(-1)

T {fﬂ 1 {y:O

H=

H=

Jx-1=19 X =400
+1=19 =324
TH2: \/y :{y
Jx-1=1 x=4
Jy+1=-1 _
TH3: = loai
Jx-1=-19
Jy +1=-19 _
THA4: = loai
Jx-1=-1

Vay voi x=400;y =0 hoac x=4,y =324 thi H =20.
(D& thi HSG 9 huyén BA Vi 2019-2020)
X+3 8x? 3x 1 j

Cho biéu thiuc P =1+— o _
X“+5x+6 (4x°—-8x" 3x°-12 x+2

a) Rutgon P.
b) Tim cac gia tri cia x d¢ P=0; P=1.

¢) Tim cac gia tri cua X dé P>0.

Loi giai
2
Cho biéu thie P =1+ 33 [ 8 3 1
X“+5x+6 (4x°—-8x" 3x°-12 x+2

a)Sau khi bién di thu gon ta duoc P = %4

b)Véi P=0< x=-4(t/m) véi P=1< x=-2(khdng thoa man dkxd)
c) P>0=x+4>0=x>—-4va x=0;2,-2;,-3.

(Pé thi HSG 9 VINH 2019-2020)

oo [Ja+l Ja-1
Cho biéu thic: P = L\F 1 \/,+1+4\/>](\/7 \/aj

a) Rut gon P.
89. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



b) Tinh gi4 tri cia P tai a:(2+\/§)(\/§—1)\/2—\/§

Loi giai
a>0
‘ 0
a) Didu kién £¢1@{a>
a=l
Ja=0
(Va+1) ~(Va-1) +ava(a-1) 5y
P= .
a-1 Ja
4a+4a(a-1) 4aa@+a-1)
= = = 4a
Ja Ja
Vay P =4a.

0) a= {2+ ¥8) (23] 2+ 3).(v3-1)

[ 81 e B - o2

- e (o] - 2

Vay a=+/2 dodo P=4a=42.
(D& thi HSG 9 huyén CAM XUYEN 2019-2020)
Vi gia tri nao cia x thi /x* -9 c6 nghia?

Loi giai

A X>3
Dé biéu thirc Vx*> —9 c6 nghia thi X2—920<:{ < 3
X__

(D& thi HSG 9 huyén CAM XUYEN 2019-2020)
R0t gon biéu thuc A= \/7 —43 +\/4+ 23

Loi giai

Taco A=+7T—4J3 +1/4+243
A=+(2-+/3) +/(3+1)°
A=2-3+3+1

A=3

(D& thi HSG 9 huyén CAM XUYEN 2019-2020)
2 2
R0t gon biéu thuc P = \/XZ-F\/XZ -4 —\/XZ—\/X2 —4 véi x= 22

90. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




Loi giai

2 2
P=\/XZ+\/X2—4 —\/XZ—\/X2—4

2_ 2_
Pz\/x 4, x2—4+1—\/x 4 -4
4 4

2 2 2 2
po [ MX 24| X4y
2 2

2 2
P:\/X _4+ Vx4
2 2
2 2
_ ¥ 4+1_\/X 41 (Vi x=242)
2 2
P=2

(Dé thi HSG 9 tinh PA NANG 2010-2011)

a+l aJ_ 1 a—aJ_+J_ 1

M =
Chobituthic: Y3 a-Va  Ja-ata 52> 0azl
a) Ching minh rang M > 4.
2 N = i
b) Vi nhitng gia tri nao cia @ thi biéu thire M nhén gia tri nguyén?
Loi giai

ava-1 (\/_ l)(a+\/a+1) a+va+l
a)Do 8> 0 a#l ey a- Ja o Wa(a-D Va4

a’—afa+Va-1_(a+l(a-)-vJa(@-1) (a-@a-va+l) -a+a-1

Ja-aja Ja(i-a) - Na@-a)  Va
M=o
. Aa
Do a>0;a=l o Wa-1)?>0 < a+1>2a
M>i+2 4
N Ja
O<N:£<§ i
b) Ta co M 2 4o d6 N chico thé nhéan dugc mot gia tri nguyén 1a 1
6va

—F )
MaN=1e a+l+2va o a-4/a+l=0  (Ja-2)'=3
= \/5:24-\/5 hay \/5:2_\/5

_ 2
Vay N nguyén < a= (Zi“@) ]
(D¢ thi HSG 9 huyén HOANG HOA 2019)

(phu hop)

91. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



3x+\/&—3 \/;+1 \/;—2

Cho biéu thtrc P = — — .
euta cidx—2  Jx+2 Jx-1

a) Tim diéu kién xac dinh va rat gon biéu thiac P .

b) Tinh gia tri cua biéu thic P khi X =/20+1442 +320-1442
Loi gidi
a/ DKXD: x>0, x#1

CO+3Wx=3 Yx+l Wx-2
(WD) x+2 x-l

_ 343X -3-(Vx +)(x - - (Vx +2)(v/x -2)
(Wx-D(/x+2)

U343 X —3-x+1-x+4 _ x+3x+2

Wx-Dx+2)  (Vx-1)(Vx+2)

(\/§+1)(\/§+2):\/;+1
(Vx-1)(Vx+2) x-1

Taco P

b) Ritgon P khi x =320+142 + 3201442 .

Taco x=320+1442 +320-142

X = 40+3g/(20+14ﬁ)(20—14ﬁ) (%/20+14J§ +%/2o-14J§)

< x¥=40+6x < x}*-6x-40=0
& (x—4)(¥ +4x+10)=0 = x=4 (vi X’ +4x+10=(x+2)’+6>0)

Thay X =4 vao biéu thirc thu gon ta duoc P =3

(D& thi HSG 9 huyén NAM DAN 2019-2020)
Tinh gi& tri caa biéu thirc:

a) A=7T-V13 —\7+13+42.

[ 2,2 4(x— 2.2 U2 2
b) B= Xy +\/ (x=y) X —\/(X v) Y (Diéu kién: x<y<0).
Xy X(x=y) y(x=y)

Loi gia

2y A=VT =13 7 +13 442 = 2A=14- 2413 - 14+ 213 +2

92. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




:»JEA:\/(Jl_s—l)Z —\/(\/1_3+1)2 12
—J2A=13-1-13-1+2
= A=0

b) Vi x<y<0 nén xy >0 va x—y<0.Khido:

5V A0 WYy 20-X(%)_(y-X)(-)

Xy X(x - y) y(x=y) xy  x(x-y) y(x-y)

=1+2-1=2

(D& thi HSG 9 huyén CAM LQ 2008-2009)

2\/3+\/5—\/13+JE

Chtrng minh rang : A= 1a s nguyeén.
g g \/6+\/§ guy

Loi giai

2\/2+J_ JWB+2y
VB2 B2

(Pé thi HSG 9 huyén HUONG KHE 2019)
Tinh gi trj bidu thirc: A=+/2++/3 —y/2—

=lel] .

Loi gii
=(\/2+J§—\/2—J§)2 =2+43-2,(2+43)(2-+3) +2-+3
A*=4-24-3 =4-2=2

Véy A=1.
(Pe thi HSG 9 huyén HUONG KHE 2019)

2019]2 2019

Tinh gia tri cua biéu thac: M =, [1+2019% + +
2020 2020

Loi giai
Tac6: 2020° =(2019+1)" = 2019% +2.2019.1+1

= 1+2019% = 2020% - 2.2019

2
M = \/1+ 20197 +(2019J 2019 \/20202 —2.2019+ 2019 +&

2020 2020 2020> 2020

2
_ (2020_ 2019) N 2019 2020 2019 2019 2019 2019 2020
2020 2020 2020 2020

93. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Bai55. (P& thi HSG 9 huyén HUONG SON 2019-2020)
Tinh gié tri cia biéu thac A=+3+5 —3-5 -2 .

Loi giai

A:\/3+\E—\/3—\/§—\/§:\/1+2§+§—\/l—2§+§—ﬁ

27 2 T2 N2 T2 72
1 BY (1 BY 1 5 1 B)Y1 5 1 5
=($+$J _(E_ﬁj _ﬁ=($+_2_ﬁ+ﬁj[ﬁ+_+_z__z}ﬁ
=102 -+2=2(10-1) .

Bai 56. (Pé thi HSG 9 huyén Nhuw Thanh 2019-2020)

x+2+ Jx N 1 _\/§—1
XX =1 X+x+1 1-+ 2

N o1

Cho biéu thtec: A:(

1. Tim diéu kién cua x dé A c6 nghia va rat gon biéu thic A.
2. Tim x dé biéu thaec A nhan gi4 tri bang 2.

2-1
-

3. Tinh gi4 tri cua biéu thuc A tai x:3+(§/§+1).3

Loi giai
1. DKXD: x>0 x#1,

A:( X+ 2 Jx 1 J:\/;—l

+ +
XX =1 X+/x+1 1-+/x 2

e o

:x+2+x—\/;—x—\/;—1 2
(\/;—1)(X+ x+1) Jx-1

_ 2.(x2—2\/§+1)
(\&—l) .(x+ x+1)

) 2.(;&—1)2
(&—1) .(x+ X +1)

94. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



3 2
X+X+1

Vay Az#véi X>0; x#1.
X+4X+1

2
2.Tacd A=2=>—F=—=
x+/X +1

& x+x+1=1 VX (VX +1) =0 2Jx =0 x=0(t/m) (vi VX +1>0Véi ¥x)

Vay x=0 thi A=2.

3 —
3.Taco: x:3+(3/§+1).3 \/53 !

o x—3=(3/§+1).3 3/53_1

= (x—3)3 =(§E+l)3. 3 23_1

[3+3\f \f+1} -1

3

=[ +xf \/7+1:|(\/7 )
0 < (1) (1) (-
<:>(x—3)3=3/§—1+3/§(3/27—1)

c>(x—3)3 =1l x-3=1
< x=4(t/m)
2

2
Thay X=4 thoa man PKXP vao A tadugc A=——=—.
Y ’ 4+y4+1 7

2 2 32-1
Vay A=—— =2 i x=3+(32+1).3 .
Va1 (V21373

Bai57.  (Pé thi HSG 9 huyén Kim Péng 2019-2020)
Ya+32+2

a) Rut gon biéu thuc: A=————
) gon bieu thu Jarioel’

95. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



2.2019

b) So sanh B =~/2020° ~1-+/2019? -1 va C = ,
20202 —1++/2019? -1

Loi giai
2) A \/_+«/§+2
\/Z+\/§+1

\/_+«/_+«/_ J_(JZ+J_+1)
Ya+32+1 Ya+32+1

b) Ta co

=32,

2020% —1)—(20192 -1 2 _ 50192
B =+/2020% —1-+/2019* -1 = ( )-( ) ___ 2020" -2019
2020 —1+4/20192 -1 /20202 —1 ++/2019% —
_ (2020-2019) (2020 +2019) _ 2020+ 2019 . 2.2019
V20207 ~1++/20192 —1 /20207 —1++/20192 -1 /20202 —1++/2019% —

Vaytacé B>C .

(D& thi HSG 9 huyén Thach Ha 2019-2020)

a) Tinh gia tri biéu thic T =\/\@—\/3—\/29—12\E .

\/I+2+\/I 2 _J2.
W1

¢) Tinh gia tri biéu thae N = X + 3% — 2x** yi x = \/\£+3t\/\/§_2 —3+22.
5+1

b) Chttng minh rang: A=

d) Cho x= .Tinh M =x> +y°.

J3-1 . B+l
Tvayz 5

Loi giai

a) T=\/«E—\/3—\/m
(ol
=\/J§— 3—(2@—3)

—JV5-\6-25

96. Duong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



\/\/§+2+\/\/g—2 :>A2=@ :A:ﬁ(dpcm).

b) A= \/\/§+1 \/§+1
JJET;JI 2 32z =V2- (V2 +1) =2-(V2+1)=-1
+1

Véoi x=-1,taco: N=-1+3+2=4

d) Ta co: xy=% va x+y:J§.

X2 +y?=(x+ y)2—2xy:(\/§)2—2.%:2

X° 4y =(x+ y)3—3xy(x+ y):(\@)s—B %fz%

Vay x°+y° =(X2 + yz)(x3 + y3)—x2y2(x+ y)=2. i— 1 f 11[
(Pé thi HSG 9 Quang Tri 2019-2020)

2 —
1. RGt gon biéu thic P=| 2+ 2 +? :(3;& 1_1j
3+a 9-a a-—-3a a

3+2\/§_</3—2\/§
3-242 \3+2y2

Loi giai

2. Tinh gia tri cua P biét a+1=c{/

a a2+9 3a 11
1. P= + >
3+a 9-a 3a a

a(3-a)+a*+9 3a-1-a+3
- 9-a " a’-3a

_3a+9 a’-3a
9-a° 2a+2

3(a+3) a(a-3) -3a
(3-a)(3+a) 2a+2 2a+2

97. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



3-22 \3+242

_3+242-y3-22
o (242)

) a+1zds+2ﬁ 4\/3—2&

J2 ) ()

1
-
=2+1-2+1=2

=a=1

31 -3

21+2 4

=P=

(P& thi HSG 9 Quan Ciu Giy 2019-2020)
2x\/§+x—\/§_x+\/§ x-1 N Jx
xvx -1 x—1 ) 2x+/x=1 2x-1"

Cho biéu thiic P = [

a) Tim diéu kién cua x dé biéu thic P c¢6 nghia va rat gon P .

b) Tim gié tri nho nhat cua biéu thic P .

Loi giai:
a) Bé P c6 nghia thi:
x>0 x>0 x>0
x3/x —1#0 Xvx =1 3 =1 x>0
Xx-=1#0 S ox#l S9xzl =>x=1
2+ x =120 o fx - Ly x+1) 20 N S
2x-120 12 1 4
\/;7&5

. 1 .
Vay véoi x=0; x =1, Xiz thi P c6 nghia.

Ta co: P=(

2x«/§+x—\/; x+\/§J x-1 \/§

— . + VoI X220 xzLx#—
xJx -1 X—1 | 2x+dx—1  2dx—-1 0 4

98. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



=[ X +x=Vx XX+ ) (WX +(x-1) JIx
Wx-D0x+x+D) (XD ) o Lyfxany VX1
2

[2xlxex=Ix k) Akl Vx
WX -D(x+VX+D) (Wx-D) ) 2dx -1 2dx -1

B 2x\/;+x—\/§—\/;.(x+\/§+l) Jx-1 N Jx
(WX =D(x+x +1) 2U0x-1 2dx-1

2x\/;+x—\/§—x\/;—x—\/; \/;—1+ \/;
X =D(x+x +1) 2dx -1 2x-1

_( xv/x = 24/x J Vx-1
(WX =D(x+/x+1) ) 24x-1 2x-1

3 XX — 24/x N \/; _x\/§—2\/§+\/§.(x+\/;+1)
T =D X+ 2dX-1 0 @K =D ((x+ X +1)

_x&—2ﬁ+x x+x+\&)_ 2x3/x =X + X
@YX+ @V -D((x+VX D)

3 2x/X = X+ 2x —/x _x.(2\/;—1)+\/§.(2\/§—1)
SR D) @I D((x+ X +D)

_@x=D)(x++x)
@YX =D (x+/x +1)

 xadx

X+/X+1

X +/x

Vayvéixzo;x;tl;x;tlthiP: .
4 X+/X +1

X ++/x _x+\&+1—1_ 1

= S
X+ X+1 x+\/§+1 x+\&+1

b) Tacd: P=

Dé P dat gia tri nho nhat thi dat gié tri I6n nhat
x+\&+1

= X++/X +1 phai dat gi tri nho nhét.

99. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Lai co x20;x¢1;x¢% nén x+~/x +1>1.

— Gia tri nho nhit cia x+~/x +1 =1 khi va chi khi x=0
— Gia tri nho nhat cia P =0 khi va chi khi x=0.
Vay véi x=0 thi P c6 gia tri nho nhét bang 0.

(D¢ thi HSG 9 Huyén Quan Son 2019-2020)
x«/_ 2X — «/§+2 x«/§+2x «/_ 2
Xa/X = 3x =2 XX =3x +2

1. R4t gon P. V&i gid tri nao cua x thi P >1.

Cho P=

2. Tim x nguyén biét P dat gi tri nguyén 16n nht.
Loi giai
1. PK:x>20;x#1

x\/_2x\/_+2 x\/_+2x\/_2
XX —3/x =2 XX —3/X +2

i (Vx-2)(x-1) (J’+2)(x 1)
(e (e

a) P=

x—1 x—1

(o) ()

() ()
(Vx+1) (Vx1)

I1&+1
"kl 1

A
ey

_2X+2
x-1
b) Prles X2 16X 0
x-1 x-1

100. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



VoI X=0:x#1thi X+3>0.Nén x-1>0=x>1
Vay x>1

2X+2:(2X_2)+4:2+ 4

2.Tacd P=
x-1 x-1 x-1

P ¢ gia tri 16n nhat khi 2+—1 c6 gia tri lon nhat < X-1 la s6 nguyén duong nho nhat

S x-1l=1x=2

(D& thi HSG 9 Pong Xuan 2011 - 2012)
a/ Phan tich da thtic sau thanh nhan tir: x*> —4x* —7x+10 .

x\/;—l_x\/;+1} X —/X
Jx-1 x+1 ) Ix-1

+ Tim diéu kién cia x dé P xac dinh.

b/ Cho Pz[

+ Ratgon P

Léi giai
X2 —4x% —7x+10 = x> = x* =3x* +3x—10x +10 = (x —1)(x* —3x —10) = (x —=1)(x* =5x + 2x —10)
=(X=-1(x=5)(x+2)

b/

+ P x4c dinh khix >0vax=1

+ Rt gon P:[xﬁ—l_xﬁﬂ}x—& _ ((&f—l_(&)mj_&(ﬁ-g
o Ix-1 Jx+1 ) Jx-1 Ix-1 Jx+1 ) Wx-1
[ (DI Xl (I )+ ) 12X
Jx -1 Jx+1 Uxo Ux

(Dé thi HSG 9 Pong Xuan 2012 - 2013)
a/ Phan tich da thtrc sau thanh nhan ta: x> —9x+20

2x-9  x+3 2Jx+1
x—5/x+6 x-2 3-x
Loi gidi
al X*—9x+20=x>—4x-5x+20=x(x—4)-5(x—4) = (x—4)(x-5)

b/ Rat gon A=

b/ Vi DK : x> 0;x # 4; X # 9 ta co:

101. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



2x-9  Jx+3  2x+1 _ (2Yx-9)—(x-9)+ (VX + DX —2)

A sx6 X2 3-vx (Wx-2)(x-3)
_2x=9-x+9+2x-3Vx -2 _ (Ix+D)(x-2) _ Vx+1_x+4/x+3
(Vx-2)(x-3) Wx-2)x-3) x-3  x-9

(D& thi HSG 9 Pong Xuin 2013 - 2014)
1. Phan tich da thirc sau thanh nhan tir; x> —4x—21

1 1 I = x

2. Cho biéu thuc A= + +
) Y P N U o Y Y Pt

a) Tim didu kién dé A xac dinh. RGt gon A

53
b) Tinh gia tri caa A khix =
9-27

¢) Tim gia tri cia x d¢ A=16

Loi gidi
1. X2 —4x—21=X"—7x+3x-21=X(X=7)+3(X=7) = (Xx=7)(x +3)
2.2) A= 1 + L + VX —x
' Ix—1-Vx  x-1+dx  x-1
x>0
Xx-1>0 x>0

Diéu kién ¢ A xac dinh: Jx—1-J/x#0 < x21<:>{x>1

IX=1+/x =0 x#1

\/;—17&0
Al L1 I¢ex
Yx—1-x  x-1+dx  x-1
= x—2Jx-1
. 53  53(9+2y7) 53(9+27) . o
b) Khi x= = = =9+2ﬁ biéu thac A co gia tri la:
) 9-2J7 97— (27) 53 v glatn

A=(9+247)=2JA+7) =9+ 247 -2-2J7=7

c) Voi x>1taco: A=16

102. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



= X—24x-1 =16
& (x-1D)-24x-1-15=0

JX—1=X = X?-2X -15=0<> (X =5)(X +3) =0
— X =5(TM); X =-3(L)

X =5=>/Xx—1=5 x-1=25 < x=26 (thoa PK)
Vay X=26thi A=16

(Pé thi HSG 9 Pong Xuén 2014 - 2015)
1. Phan tich da thrc sau thanh nhan ta; X* —7x-8

5-4x  x+1 2Jx+6
x—3Jx+2 x-2 1-x

a/ Rut gon biéu thic P .

2. Cho biéu thic P =

b/ Tim x dé P <1
¢/ Tim gié tri nguyén cua x dé P co gié tri nguyén
Loi giai
1. X*=7Xx-8=x%x"—-8X+Xx—-8=X(x—8)+(x—8) = (x—-8)(x+1)

2.a/ V6ibPK: x>0;x=4;x#1taco:

5-x X+l 2dx+6 _ 5=VX)=(x+1) (vx-1)+(2Vx +6)(/x —2)

P_

Tx—3dx+2 x—2 1-Jx (X -2)(x -1)
_ 5 X —x+1+2x+2/x 12 _ X++/X -6
(Vx-2)(x-1) (Vx-2)(x-1)

_ (x+3(x-2) _ x+3
Wx-2)Wx-) Jx-1

b/ VGi DK : x=0;x=4;x#1taco P<1

Jx +3 X +3 -x+1

<le <0c>i<0c>\/§—1<o@x<1

x-1 Jx-1 Vx-1

Vay 0<x<1thi P<1

Jx+3  Ix-1+4 4

=1+

-1 x-1 Jx-1

e

c) Taco P=

103. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



Vay P nguyén khi4iy/x -1 suy ra Jx-1eU (4) ={-4;-2;-1;1;2;4}
= x €{0;4;9; 25}
Do X>0;x#4;x=1 nén x €{0;9;25}

(D¢ thi HSG 9 huyén Pong Xuan 2015-2016)

&j[ Jx+2  Jx+3 Jx+2

ho biéu thic A = | 1- : >0; X # 4: X £9
Cho biéu thurc ( \/§+l . 5\/;+6 \/— 5 \/— S)me X#Z4 X #

a/ Rut gon biéu thirc A.
b/ Tinh A khix = 4—2+/3
1

¢/ Tim x dé A co gia tri 1a =

2

Loi giai
a/ Rat gon biéu thuc A.

1 \/;+2+X—9—X+4
5 X20; X# 4 X#9 tach A = :
Vot ta co \/;+1 (\/;_2)(\/;_3)

1 Wx-3
 Ux+1 (Wx-2)(x-3)
1

- x4l (x-2

_ JIx -2

B \/§+1

b/ Khix=4-2+/3 =(¥3-1)% tacoA= (3-1°-2_V3- 313
(3-1)?% +1 3

Vay khi x = 4-2-/3 thia=1-+/3

0 o 1 Jx =2 1
/ Vi X20; Xx# 4 X#9 taco A= )
« 2 7 Jx+1 2
o 2x-4 =Jx+1
N Jx = 5
& x =25 ( thoa PK)

1
Véyx=25thiA=E
(D& thi HSG 9 huyén Chwong My 2019-2020)

-2 , 1 X
Cho biéu thtic: A= + -
Jx-2 Jx+2 4-x
a) TimxdéA<l
104. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén




. 1
b) Bict A= E.(\/19+8\/§ +\/19—8\/§)—1 , hay tinh gia tri ciaB =

¢) Tim gié tri x nguyén dé P nhan gia tri nguyén, khi P = A: ;/;:/E
—VX
d) Tim x dé A(\/;—Z)+5\/_:x+4+\/x+16+\/9—x
Loi giai
a)bk: x#4;x=0
Ruat gon A= \/;
Jx -2
Do A<1 nén suy ra: Jx <le 2 <0=>/x-2<0ox<4
Jx-2 Jx -2

Két hop voi diéu kién rdi két luan: 0< x < 4
b)- Tinh dugc A =3
Jx

Ix-2
6 1

- Thay vao biéu thic B = = 6= _7

Jx 3

=-1+

3-Jx 3=

) 3
- Dé P nguyén thi €Z tir do lap luan tin x 12 0; 36; 16; 4
3-4/x

- Tu doé suy ra: =3, tim dugc x =9 (tmdk)

C)- Tinh dugc P =

- So sanh diéu kién va két luan x € {0;16;36}

2

d)Thay A vao rdi bién déi dua vé dang 5—(X=38) =/x+16+/9-x

- Danh gia VT< 5; VP> 5 v6i moi x thugc DPKXD

- Tu do quy ra: dau bang xay ra khix =9

- Kétluan

(Pe thi HSG 9 tinh Thanh Hoéa 2018-2019)
1. Chuing minh biéu thtrc sau khong phu thudc vao gia tri cua X :
A 6x—(x+6)vx -3 3 1

o(x-ax+3)(2-x) 2x+103x-12 3x-x-2’

Piéukién x>0, x=4; x=9; x=1,

. 2443 2-3
2. Rat gon biéu thirc: B = + .
V22 2R
Loi gidi

1. Véididukien x>0, x#4: x#9; x=1

BX — X/X —6/x —3 3 1

Ix+3 .

2-x

Taco A= n

) —6x+x&+6&+3+3(&—1)+2(&—3)
AR R

N e e e

105. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén

(2A)



_ x\/;—6x+11\/;—6
2 (2] (3]

(J_ )(x 5&+6)
223

(V) -2)(Vx-3)
2]V 7))

Vai A khoéng phu thudc vao gia tri cua X.
2B 2B B2 E(2- V)
243 223 244123 2-\a-23
V2(2445) 2(2-43) V2(4+2V8) V2(4-243)
2(VB1) 2-(VB1)  2(a+B) 2B
V(10 3) V208 (1448) [1-45)
2B(E) 218 b 2
(9 58 ya5os 25-1) JB(5

2. B=

J6 J6 J6 3
V6(+/3-1)
Vay B= 3 .
(Dé thi HSG 9 huyén Ky Anh 2019-2020)
3+45 3-5

a) Tinh gia trj cua biéu thuc : A= _
V10 +43+45  V10++/3-5
0o -+ T )L y7] -1 Tih gi iz iy + o
Loi giai
3+45 3-.5 A 3445 35

R T S TR S RV R = TN PN I S
345 3-V5 6 _ ,_6V2

“3541 351 11 11
b) Tu gia thiét Xy+\/(1+ X*)(1+y?) =1 = x*y? +(1+x°)(1+ y2)+2xy\/(1+ X*)(1+y?) =1
binh phuong 2 vé)

= 2x°y* + X2 +y° +2xy\/(l+ xz)(1+ y2) =0

Mat khac : (x\/1+ Y2 + Y1+ % )2 =2x2y2 4 X2+ Y2 4 2xy\/(1+ X*)(1+y?)

Vay 1 X1+ y® +yyl+x* =0
(D¢ thi HSG 9 quin Thanh Xuan 2019-2020)
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Cho biéu thic A= (

Vx=3 x+2__ 9-x _(1_3\/?—9
2— f 34X x+Vx—-6) x—9

310+643 (Jé —1)

a) Ratgon A

b) Tim gid tri cua A khi X=

V642455
Loi gidi
a)A_(&—3+\/§+2_ 9-x Ml_&/;—gJ
Tl 2-x 34X x+x-6) x—9
A___ X4 _x+2
x(Vx=2)  x
- thoveB(VE-1) {(vB+1) (VB-1) (VB1)(VE-1)
b)Taco x= = = =2
\6+2y5 -5 \/(1+J§)2—J§ 1++5-+5
Vay A=2J:é/§=1+\/§

(Pé thi HSG 9 tinh Phu Yén 2014-2015)
a) Cho x>0,y > Jx. Ching minh rang:

Ve (fira) - la-a)') |

2+41-a
DAP AN

b) Rut gon biéu thic: P =

a) Cho x>0,y >+/x. Ching minh ring;

2

¢y+[=\/y+4/y2_x+\/y— y* =X (1);

2 2
R

Dat Y +VX +1y-Vx =z

Binh phuong 2 vé ta dugc: 22 =2y +2\Jy*—x.

Tt d6 ta co: \/y+\/_+\/y \/_ 21/y+“y 3).
Tuong tu ta cling co: \/y+f \/y 21,y— “Zyz_x(4)_
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, 2 _ 2
Liy (3) cong (4) ta duoc: \/y+f:\/y+ 2y X +\/y ;’ X : Lay (3) trir (4) ta duoc:
m:\/yﬂ/yz—X_\/y—\/yz—x

2 2
\/1+\/1—7(\/(1+ a)’ —\/(1—a)3) |

2+41-a2
Diéu kién —1<a<1. Ap dung cong thirc (1) ta dugc:

m:\/u\h—uaz +\/1—«/1—1+a2 :\/1+|a|+\/1—|a|.

b) Rut gon biéu thirc: P =

2 2 2 2
V6i a>0 hoic a<0 tadéuco: y1+v1-a’ =%(\/1+a+\/1—a).

Ta lai co:

\/(1+ a)3 —\/(l—a)3 =(\/1+_a—\/1—_a)(1+ a+ \/1—7+1—a)
(JEra—ica)(2+i-a)

Vay P :%(\/Ha+\/1—a)(\/1+a—\/1—a)=aﬁ,

(Pé thi HSG 9 tinh Phu Yén 2015-2016)

Cho biéu thirc:
ava-1 aa+1 1) 3/Ja 2++a
(=% |

P=

a—Ja a++a Ja-1 Ja+1)

a) Rut gon biéu thic P.

b) Chiing minh rang v6i moi gié tri ctia a (théa diéu kién thich hop) ta déu co P > 6.
PAP AN

a) Rut gon P

Diéu kién: a> 0, a # 1. Ta co:

_(Ja—l)(a+\/a+1) ( +1)( a+1)
Va(va-1) Va(va+1)

-1 a(a +1)- () VA1)

IR CCRNEREY

(a+ a+1)—(a—\/5+1)+a_1 (3a+3\/5)—(\/5+a—2)

Va Ja a-1

24/ +(2a+2Ja+2)

i Ja

T a Ja

b) Chirng minh P > 6
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2(Va+1)  2(a-va+1)

SN - S S
Ja Ja

1) 3

2 —— | +=

=33
Ja

(Bé thi HSG 9 tinh Phu Yén 2016-2017)

R0t gon va tinh gia tri biéu thuc:

Taco P-6=

>0,va>0 vaa=l.

1 1 1 1 2
P= — : + +
{xy\/y xy\/;J £x2+xy+2x\/ﬁ Xy +y? +2y./xy \/@(\/;JFW)ZJ
véi X=3-/8 va y:3+«/§.
PAP AN
R0t gon biéu thwc:

P:{ 11 J
XyAJy  xyv/x )

1 1 2
+ +
(x2+xy+2x\/ﬁ Xy +y2 +2y./xy \/@(\/;JFW)ZJ

voi X=3—-+/8 va y=3+/8.

Ta cé: 11 =\/;_\/§'
Yy oy
1 N 1 N 2
X2+ XY+ 2% Xy Xy + Y2+ 2y\xy \/W(\/;Jr\/y)z
1 1 2

x(x+y+2ﬂ)+y(x+y+2\/@)+\/@(\/§+\/§)2
_ X+Yy N 2 :
NI NN
_ x+y+2\/ﬁ _ (\/;Jf\/y)z 1
(Vxey)  wy(Vxedy)

Vi x:3—J§:(J§—1)2; y:3+«/§:(ﬁ+1)2
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J2-y -y
NN
(PE TS VAO 10 CHUYEN TOAN HA NAM 2013-2014)
24/ (Va + 22 -3b) + V3 (2a -3 ) - 2a/a
a2 ++/3ab

a) Tim diéu kién cia ava b dé M xac dinh va rit gon M .

11f

Suyra: P=

Cho biéu thac M =

b) Tinh gia tri cta M khi a=1+ 3\/_ b=10+

Lo giai:

23 (V2 +/2a —3) + VBB (22 3 )-2a\a

a2 ++/3ab
PK xdc dinh ciia M :{a,bzoc{a>0

a=0 b>0
2a+2a+/2 — 24/3ab + 2+/3ab — 30— 2a/2

av/2 ++/3ab

_ 2a-3 _(J2a++3b)(2a-3b) 2a-3b
 a2++/3ab «f(x/ﬁh/%) - Va
11[

a M =

M =

b) Tac6 M =+2- ;V(na 1+3V2 b=10+

) 3042242 _ (30+2242)(3V2-1) 102+68x/_

T2 1+302 1+3v2)3V2-1) 17

Vay \/;=m=,/(2+x/§) =242

Tudo M =2-(2++/2)=-2
(PE THI CHON HSG TiNH QUANG BIiNH 2012-2013)

XX +26x =19 2x  x-3

- + :
x+2x=3  x-1 /x+3
a) Rut gon P.

b) Tim X dé P dat gia trj nho nhat.

Cho biéu thirc: P =

Loi gidi
a) DK: 0<x#1. Taco:
_XJx+26Vx 19 2Jx  x-3
Vx-DEx+3) Jx-1 x+3
x/x+ 264X 19— 2Jx (/x +3) + (VX —3)(v/x - 1)
(Vx-D(x+3)
XX+ 264X =19 - 2x - 6\x + X~ 4/x +3
) (VX-D(/x +3)
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X x—x+16\/§—16_ (\/;—1)(X+16) _ x+16

WX-DWx+3)  Wx-Dx+3 Jx+3’

X+16
b)P——\/;+3—\/;—3+\/;—+—\/_ +3+ m_6>2\/(\/;+3)\/’+

Vay GTNN ciia P =4, ddu "=" xay ra khi &+3:f S x=4,
X+

-6=10-6=4

(D& thi HSG 9 huyén CA‘;M THI”JY (V2) 2011-2012)
- 2
Cho biéu thac: P = X+

X«/_ X+2«/_ (Vx=D)(x+2vx)

d. Ratgon P .
e. Tinh P khi x=3+22.

f.  Tim gia tri nguyén cua X && P nhan gi4 tri nguyén.

Loi giai

X+2
I(f 1 I(I+2) L)
_X(\/_+2)+2(\/_—1)+X+2_X X +2X+ 24X =24 X+2
W)W+ W=D +2)
X x+2x+2\/§+x_«/§(\/§+1)(\/§+2)_(\/§+1)
XD +2) X)X+ (x-D)
b/X=3+2\/§<:>\/§=\/2+2\/§+1=\/(\/§+1)2=\/§+1

_(\/;+1)_\/§+1+1 \/§+2 14 \/—
NN N

¢/ PK: x>0;x#=1.

:(\/;+1) J_ 1+2 14 2
Wx-1)  Jx-1 Jx-1

Voi xe¢, x>0, x=1ltacé Pe¢ & x-1e{l2} & xe{4,9}.
(Pé thi HSG 9 tinh HAI DUONG 2012-2013)

Cho X, Y thoa man x:i/y—w/y2+l+%/y+w/y2+l Tinh gia tri cua biéu thic
A=x*+x3y +3x®+xy—2y*+1

Loi giai
Ta co:

x:i/y—«/y2 +l+%/y+\/y2+1
= x° =2y+3€/y—«/y2 +1. %/y+\/y2+ 1(3/y—\/y2+1+%/y+«/y2+1j
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=X +3x-2y=0
A=x*+x°y+3x* —2xy +3xy —2y* +1 :(x4+3x2—2xy)+(x3y+3xy—2y2)+1
A= x(x3+3x—2y)+ y(x3+3x—2y)+1:1

(D& thi HSG 9 huyén CAM GIANG 2013-2014)
a) Cho biéu thirc: A =(x* —x—1) +2013.

B B
JB+1-1 JVBei-1

b) Cho (x+\/x2 +2013)(y+\/y2 +2013):2013. Chang minh rang x4+ y*1# =0,

Tinh gidtricaa A khi y =

Loi giai
DTach o B B BEVE)-VBEVE1-D)
JB3+1-1 B+1-1 V3+1-1
\/'(\/ +1+1-+/4/3 +1+1) _ 243 _,
J3+1-1 NG
Thay x =2 vao biéu thirc A | ta co:
A=(2"-2-1)+2013=2014.
Vay khi y = Vi3 thi gié tri cua biéu thic A 1a 2014.

V34121 JB+1-1
b) (x+\/x2+2013)(y+\/y2+2013)=2013

o (x—\/xz +2013)(x+\/x2 +2013)(y+«/y2 +2013) :2013(x—\/x2 +2013)
o —2013(y+\/y2 +2013) =2013(x—\/x2 +2013)

& —y—+/y? +2013 = x —/x*> +2013 |
Tuong tu —x —Vx* +2013 = y—/y* +2013

2013 2013

Dodo X+y=0=>x=-y=x =0 (dpcm).

(Dé thi HSG 9 huyén KIEN GIANG 2012-2013)
X2 +5X+6+Xxv9—X° L9l 2% 2X

3x— x+x+29x 3-x’

Rat gon: A=
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Loi giai
biéu kién: -3<x<3

(x+3)(x+2)+x\/3T\/7 2X
e N PREIN N ERE R

_M[(X+Z)M+Xm]2\/3+ﬁ
x|+ (x+2)VB x| V3x

_\/3+x _2\/3+x 1
3-x \V3-x 2
(P2 thi HSG 9 tinh THANH HOA 2018-2019)

\/§+2 _\/§+3_\/;+2 _ Z—i
Xx=5Vx+6 2-+/x x-3)1  x+1

1/ Rat gon biéu thac A .

Cho biéu thirc : A= [

2/ Tim cac gia tri cua X dé K<_§

2

Loi giai
1/ Rt gon biéu thac A .

A JX+2 _\/§+3_\/;+2 _ Z—i a0 o
= x_5\/§+6 2_\/; \/}_3 : \/;_1_1 (PK: x>0,x#4,x#9)
A Jx+2 _\/;+3_\/;+2 _[\/;+2]

(Vx-2)(Vx-3) 2-vx x-3](Vx+1

_ Ix+2+(x-9)—(x~-4) _[ﬁ+2]
=

()
(Vx=8)(x-4)  x-4

2/ Tim cé4c gia tri cua x dé % < _g
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5 X- 4<—§<:>2x 8<-5x-5

1.
A I+1
=

2x+5«/_ 3<0< 3<\/§<2<:>0<\/§<E

<:>0£xs1
4

Két hop V6i DK = Ost%.

(Pé thi HSG 9 huyén KIM THANH 2012-2013)
20x-9  Jx+3 2Vx+1
X—5Jx+6 ~x—2 3-4/x

b/ Cho X,¥,Z thoa man: xy+ yz +zx =1. Hay tinh gia tri biéu thirc

a/ Rt gon biéu thirc A=

A \/(1+y )L+2 )+y\/(1+ )L+ x) +Z\/(1+x2)(12+ y?)
@+ x?) @$+y?) (1+z°)

Loi giai
20x=9  Sx+3 2Ux+1

a/ Rt gon biéu thitc A= - —
& X—5JXx+6 Jx—2 3-+/x
PDKXD: x=4;x#9

A=  2/x-9 &+3 2x+1  2x—9-x+9+2x-3x -2 x—/x -2

Wafg o2 T (Geges) (g

_()(r-2) e
N R

b/ Ta co:

XY+ Y2+ X =11+ X2 =Xy + Y2+ 2X+X° =y (X+2)+ X(X+2)=(x+2)(x+Y)

Tuong tu: 1+ y* =(y+2)(y+X), 1+2° =(z+x)(z+Y)

Thay cac két qua trén vao biéu thie A dé tinh.
(De thi HSG 9 tinh AN GIANG 2013-2014)

Tinh:T = 1 1 L ;
A v e - o A o
Loi giai
T 1 B 1 N 1 _ 1 N +;
2 2B BA& a6 Jeg o0
, \E+ n+1 —
faco: Jn— \/n+1 n-n-1 (\/HJF n+1)
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— (VL +2)+(VZ +3) (VB 4N} (VA B) ... (+35 + 00
=1-\2+2+3-\B -t + 4+ ... -89 -\100
=-1-4100=-11

(Dé thi HSG 9 tinh HAI DUONG 2013-2014)

I (T )

voi —1<x<1.

Rut gon biéu thie A=

2-1-x?
Loi giai
1-1- % (V14X +\/1—_x)(2—\/1—x2)

A=

2—1-x°
1—\/1—7.(\/1+_x+\/1—_x)
=\/(1—\/1—7)( 1+x+@)2=\/(1—ﬂ)(2+2 1—x2)

= |)(|~V/ig
(Pé thi HSG 9 tinh HUNG YEN 2014-2015)

Cho x =213 - /3—‘/6\}/5_110 . Tinh gié tri cua biéu thic:
+

)2015

A:(%+x”—%—2x—1

Loi giai
Taco:

FTE f_ ,36\/_1 i \/\/3J' 9+33-1_ = f_

3+1

\/ﬁ \/fi \/4+2\/— \/3+1 ) _12=\/§

Thay x=+/2 vao A taco:
20
A=(x*+x° =% —2x—1)2015 =(4+2«/§—2—2J§—1) P g

(PE THI CHON HOQC SINH GIOI HUYEN VINH BAO 2013-2014)
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+&_\N]:(1+L+2Xy].

1-xy

Cho biéu thirc: P =[ - \/g

a) Rat gon biéu thuc P .

. . 2
b) Tinh gia tri caa P voi x = .
2+ \/§
Loi giai:

a) PKxP: X20;y20;xy #1

Mau thic chung la 1-xy

o (DA xy) + (X = V)= xy) 1-xy+x+y +2xy

1-Xxy 1-xy
:\/;+x\/§+\/§+y\/;+\/;—x\/§—\/§+y\/; 1-Xxy
1-xy 1+ X+Y+Xy

_2(Wx+yyX) _ 2dx@+y) _2Vx

S A+X)(A+y) @+x)A+y) 1+Xx

2 22-43) Ay
b)X—2+\/§— 3 0 2J3+1=(/3-1)

X =4(3 -1 =3 -1=+3-1

~2(W3-1)  243-2
C1+(W3-17 1+3-243+1

_2(\3-1) 63+2

5-2/3 13

P

(PE THI CHON HSG TINH NINH BINH NAM HQC 2014-2015)

X—4 +x\/§—8}{(\&—2)2+2\/§

Cho biéu thuc A:(\/;—Z 1_x \/;+2 } (voi x=0, x=4),

a) Rat gon A,
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b) Chimg minh rang A<1, véimoi x>0, x=4.
¢) Tim X dé A 1a s6 nguyén.
Loi giai

2) A= [ S 8}{(&_2)12&_

J—2 " 4-x Jx+2

]J?-zﬂd?+2)_(J§-2XX+2J§+4y N
Jx-2 (Vx-2)(Vx+2) | x-2Vx+4

_\/;+2_x+2\/§+4 Jx+2
Jx+2 | x=2Jx+4

2k
X—2Jx+4

2

2 (¥x2)

X—2x+4 x-2/x+4
Véimoi x>0,x= 4, suy ra A<l (dpcm).

c) Taco x—2\/§+4:(\/§—1)2+3>0,véimoi x>0

2Jx
X—2X +4

PE THI CHON HSG TINH THANH HOA NAM HQC 2013 — 2014
Cho biéu thirc

(dr+1 APy X 1}{1 Xy +x Jr+1j
P+l 1=y Py-1 fy+1
1. Rat gon biéu thic A.

2.Cho L . 1 _g.Timgiatrilonnhatcua A
X y

b) Xét higu 1-A=1- >0

suyra A= >0 =20<A<1l = A=0 =x=0,

1. Pidu kien: /Xy #1. :
T ) RT3
o)
(Vo +1) (1= Py )+ (Vv + ) (W +2) = (Vx+2) 2=y )
(Vo +1) (2=
R 55 ) )
10 D)+ B - )
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_ 1++/x __1
Wy by Py

2.TheoC(“)si,tacé:6_L Aol 1 <9
Jx \/_ XY Xy
A3 , 1
Daubangxayra< L - 1 < x=y==
Jx oy 9

Vay: maxA = 9, datduockhi: x=y :%,
PE THI CHON HSG THANH OAI NAM HOQC 2013-2014

\&](\/;+3 \/§+2 \/§+2 J
Jx+1 J’zs[ X—5X +6

a) Cho M = (1—

1.Rat gon M,
2. Tim gia tri nguyén cta Xdé biéu thic M nhan gid tri 12 s6 nguyén.
b) Tinh gia trj ctia biéu thic P .

P = 3x?°% 4+ 5x?° 4 2006 Véi x:\/6+2\/§.\/3—\/\/§+2\/§+\/18—8\/_ —3.

Loi giai
DKXD: x>0;x = 4;x =9 (*)

) o _ _ 3 Jx+1-x ) [ x+3 \/§+2 Jx+2
1)Ratgon M : VGix>0;x = 4;x =9 M—( N ]L/— 5 \/— 3 (\/— 23
1| WX +3)Wx=3)-(x=9)(/x+2) + (Vx+2)
Jx+1 Wx-2)(x-3)

1 Xx=9-(x—4)+/x+2

X+ (IXx=2)(x-3)

-2
Ix+1
V.élyM=\/;_2 (Vo1 x=0;x = 4;x=9) (*)

Yx+1
Z)M:&—zzﬁﬂ—s:\/}ﬂ_ 3 _, 3

Jx+1 Jx+1 Ix+1 Jx+1 _\/;+1
Biéu thirc M c6 gid tri nguyen khi va chi khi: 3:vVX +1< VX +1e U(3)
UQR)e {x1;+3 } Vi Xx20=x20=Jx+121
Nén \&+1€{1;3} Xay ra céc truong hop sau:
x+l=1lex=0cx=0 (TMPK (*))
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Vvay x=0thi M nhan gia tri nguyén.
b)

=\/6+2«/§.\/3—\/\/§+2\/§+\/m _J3
Co V1882 = (4-2)" =[4-2|=4- 2
\/«/5+2\/§+4—«/§:\/2\/§+4:\/(\/§+1)2 :‘\/§+4

X =6+ 22331 —/3 =[6+2422—B —3 =6+ 24—243 -3
:\/6+2\/(\/§—1 2 _\J3=16+23-1-3=1/4+23-3
X =/ (v3+1)? —\/§=‘J§+ﬂ—\/§=x/§+l—x/§:l

Véi X=1.Taco P =3.1""° +5.1°" + 2006 = 3+ 5+ 2006 = 2014
Vay voi Xx=1thi P=2014 .
PE THI CHON HSG TINH PHU YEN NAM HQC 2015-2016

aa-1_aJa+1 1) 3a 2+va
Chobleuthuch—a ol (\/;_TJ[JE—{\/EHJ'

a) Rat gon biéu thuc P .
b) Ching minh rang véi moi gid tri cua d (théa diéu kién thich hop) ta déu co P> 6.

Loi gidi
Caa-1 aa+1 3Wa  2++a
a) P= a—\/z_a+\/5 "‘(\/_ \/—][\/— : \/E+ }(dk:0<a¢1)

Arp 7 (r 1}[ Ya(a+1) (M)WI)J
a(Na-1) Na(Na+1) | Va ) (Na=1)(Va+1) (Ja-1)(a+1)

:(\/;—1)(614- a+1) (\/;+1)(a—\/;+1) a—13a+3Ja-2"a+2—-a+a

et ) e
_atva+l a—a+l a-1 2a+2a+2

Ja Ja \/_(\/_ )(\/2+l)
:2\/;+(\/5—1)(\/2+1) 2(a+a+1)
Ja Ja o (Ja-1)(Ja+1)
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:2J2+2a+2J2+2
Ja

2
=2\/5+—+4,
Ja

Vay vai 0<a=#1thi P= 2\/;+—+4

b) Taco 2\/E+—>2/2\/_ _4 vay P =8 hay P>6 (dpcm).

DE CHON HSG LOP 9 BAC GIANG NAM 2016 - 2017
a\/a—b\/B B a B b
ab  atvb \b—a

Rut goi M va tinh gié tri biéu thirc M biét (1-a)(1-b)+2Vab =1

a. Cho biéu thirc M = VGi a,b>0vaa=b

5
b. Tim cac sd nguyén a,b th 18\/_ 3
guy Oa man at b,\/_ a— \/—

c. Cho a,b,c thoéa man \/5+\/5+\/E:7 -a+b+c=23;+abc=3

1 1 1

Tinh gid tri biéu thie H = * N~

B T I e T Jab+e -6 Jbc+va—6 ea+vb—6
Lo gidi

a) Rutgon M = ———~= /ab v4i a,b>0va a=b

Ja b

Ta co.

(1-a)(1-b)+2/ab =1 ab-a-b+1+2yab =1

<:>ab:<\/5—\/5)2<:>(%)2:1c> % =1

+Néua>b>0

:>\/5>\/_:>\/_ \/B>0\/_b>0:> \/_

b’
= \/% |= \/% = \/% =1l=>M=1
Ja—b| Ya-b _ arb

+néu O<a<b
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o Ja<B s B <0aD>0m Y _ g

Ja—b
Jab | ab e
fﬂff NN

5
+18V2=3
a+bJ— a— b\/_

PN 5a—5b\/_—4a—4b\/§+18\/§(a2 —2b2)=3(a2 —2b2)

> 5a—5b+/2 — 4a—4b\2 +18a24/2 —36b%/2 = 332 — 6b?

< 18a%/2 —36b%/2 —9b/2 =3a? —6b%* —a

N (18a2 —36h? —9b)J§= 3a2-6b’—a

3a?-6b’-a
18a® —36h* —9b

Néu 18a2 —36h? —9b =0 =>~/2 =

3a’-6b’-a

o7 e g QT V2EQ VoI i V2 lasovort

Vi a,b nguyén nén

A , ) 5 18a® —36b°-9b =0 3a’ - 6b’ = Eb
Vay taco 18a° -36b° -9 =0= & 2 <a=-=b
3a2—6b2—a: a2_6b2:a

Thay a:gb vao 3a’—-6b>—a=0TacH

3-%b2—6b2—gb=0<:>27b2—24b2—6b=0<:>3b(b—2):0
Tacob =0 (loai) ; b=2 (thod man) , vaya =3. Két luan

c) Taco (ﬁ+¢5+ﬁ)2:a+b+c+z(@+ﬁ+ﬁ)
ma a+\/5+\/6=7 - a+b+c=23neén @NENE:B

Taco va+yb+yc=7=2Jc-6=-Va-h+1
nén /ab ++/c —6=+/ab —/a - b +1=(va-1)(vb-1)

Tuong tu \/E+\/5—6=(\/5—1)(\/E—1);\/£+\/5—6=(\/5—1)(\/5—1)
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1 1 1
vay H = + +
Y T Jab+4c—6 Jbc+a—6 ~ca+vb—6

_Je-1+a-1+4b-1
")

(\/E+\/B+\/E>_3

7-3

Cho biéu thirc: A= -
o DI [x+2&—3 Jx+3 Jx-1

a) Rat gon biéu thuc A.
b) Tim X dé A=—6.

Loi giai
x>0 x>0
X+24dx-3%0 (\&_1)(\&+3)¢0
a) A xdcdinhkhi {Vx+320 <, .1
\/;—17&0 \/;_2
#0
,_ X Ix-1
- #0
Jx-1

= =-1
\/abc+(\/5+ﬁ+ﬁ)—(\/£+\/g+ﬁa)—l 3+7-13-1
PE CHON HSG LOP 9 VINH PHUC NAM 2014 - 2015

3x+\/16_x—7 \/;+1 \/§+7J:(2

i

-1

x>0
S 3X#1 PKXP:x>0; x#1; x =4,
X#4

Beeii—7 it et (YK o e

Taco: T = =

x+240x-3  x+3 Jx-1 («/;—1)(\/;+3) CVx+3 Vx-1

20X 46 Jx+7 _2(*/;+3) Ix+7

S+3 Jx-1 x+3  Jx-1
_2_\/§+7 _&—9
T dx-1 Jx-1

B X _\/;—2
M=2-—— =7

_ _x-9 Vx-2 _x-9
A=T:M VR Y iRy o
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Ix -9
Jx-2

b) Bién d6i: A=-6 :ﬁ_gz—s <:>\/§—9=_6(\/§_2)

X—2

Vay vai x>0; x =1 x=4 thi A=

< 7\/; =21 & x=9 (thoa man diéu kién).
Vay dé A=—6 thi x=9,
PE CHON HSG BAC GIANG LOP 9 NAM 2017 - 2018

X+ 24X +4 x+2\/§+1J [3( 5, 2&+10j

a/ Cho biéu thuc M = +
© [x\/_ 8 x-1 \/_ 2 x+6\/§+5
RUt gon M va tim x d¢é M >1

T

b/ Cho a, b, ¢ >0 thoa man \/a_+
1+c l+a 1+b

Loi giai

x+2\/§+4+x+2\/§+1 SJ_S 2\/§+1O
X+/X —8 x—1 Jx -2 x+6&+5

RGOt gon M va tim x dé M>1

M ‘[(ﬁ;(zf;j§+4)+(ﬁ(gﬁ);”)} [3}_ 25 (\&25\1/);(;2,5)}

( 1 &+1] Ls&—5+ 2 J

x=2 Jx-1) Vx-2 Jx+1

Pt () -2) 3k s 20k -2)
(Vr=2)(¥x-1)  (Jx=2)(x+)

_ \/;—1+x—2\/;+\/;—2 ] 3x+3\/;—5\/;—5+2\/;—4
Vg (o)

a/ Cho biéu thire M :L

-3 L %x-9 X—3 (\/;—2)(\/;+1): Jx+1
(«f )(«f 1) (Vx-2)(Vx+1) (Vx-2)(Vx-1)  3(x-3 3(vx-1)
Vay M= x+1 VOl x=0;x#1,3,4
3([ 1)
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X+l >1©—\/§+1 —1>0<:>—4_2\/_ 0= 2_\/;
3(&—1) 3(&—1) 3([ ) X1

*M>1le

_{2—\/?>o
Jx-1>0

{2—\&<0
i \/§—1<0

b/Cho a, b, ¢ >0 thoa man Vab +

Taco < ol<x<2e1<x<4. Vay M>1 khi 1<x<4 va x# 3

B+ =1, i = F2b P e
1+c 1+a 1+b
0 viNab+be+ea =1 nen 14-c ~ab+ Ve + Ve + ¢ —..— (Va + &) (VB + &)
O Tu?O‘ngtutaCé1+a=(\/5+\/5)(\/§+\/5);1+b=(\/§+\/5)(\/5+\/E)
Jab NG JeVa

1 Vay H = +

(Va+e)(Vb+c) (Va+b)(a+vc) (va+b)(Va+c)

(Va+e)-(vb+vE) (va+vb)-(va+ve) (vb+ve)-(+a+b)
(Va+ve)(sb+v6)  (Ja+b)(va+ve) (vb+c)(a+b)

1 1 1 1 1 1

“hive Jarde Varde Jaidb Jardb wbive

Chon hsg 16p 9 Pa Niing nim 2015 - 2016
3a+y9a-3 Ja+l Ja-2
aiva-2 +a+2 1-a

a) Rt gon biéu thae M

Cho biéu thirc M = voi a>0a=1

b) Tim tat ca cac gia ti nguyén cuaa d dé biéu thec M nhan gié tri nguyén.
Loi gidi
o dra-s (Var)(a-) (Ja-2)(Va+2)
VR (R (G () (R (R e
3a+3/a-3-(a-1)—(a—4)  a+3Ja+2

RN T
(Va+y)(Va+2) a1 ga- 142 . 2

M =

M = = M =
(Va-1)(va+2) a-1 a1
2
b) M nguyén < nguyén & a-1 1 wéc cia 2.
Ja-1
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c;JE—le{—LLZ}c;ae{m4ﬂ}woJ520)
(P& thi HSG 9 TP Da Niing 2017-2018)

. 1+\/_ 2
Tinh A=
2+ V11 \18-511
Loi giai
L :(1+J1_1).(2—J1_1)+ 2.(18+5\/1_1)::9_\/1_1+5+\/1_1:2
"o i1 \18- 5J_1 4-11 49 7

(D& thi HSG 9 TP Pa Ning 2017-2018)

X+2 Jx jfl

51 x>0 x=#1,
X1 xeledx 1-dx ) 2dx T

Rt gon A va chimg minh A< %

Cho biéu thirc =[

Léi giai
, x+2  4x Jx-1

*Ritgon A= (x\/_ TN A (J ix XXt

N X+2 N 1(x+1++/X) j\/_ 1
(Wx- 1)(x+1+\/_) (Wx- 1)(x+1+\/_) Wx=D(x+1+%) | 2%

(vx-1) J 20x 2k
(\/;—1)(X+1+\/§) Jx-1 C(x+1++/%)

+ Chimng minh A< g

s 2 2% 2 Bx—2x—2x-2 —2(/x-1)?
h —_—_—— =
xethicu A 3 (x+1++/x) 3 3(x+1++/x) 3(x+1+\/_)

<:>A—E<0:> A<E
3 3

(Dé thi HSG 9 Tinh Hai Dwong 2017-2018)

2 2
Cho A= XX XX _Rit gon B=1-v2A—4/x +1 véi o< x < *

X++/X+1 x—\/§+1

N

Loi giai
Taco

p= X% e O ROXED) -1y s X (R4 =

X+4X+1 XxX-— J;+1 X+ X+1 X — J_+1

B =1—\/2A—4\/§+1:1—\/4x—4\/;+1=1—‘2\/§—1‘= 2Jx (0< xs%)
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Rat gon bicu thire: X :\/1+£2+i2+\/1+i2+i2+\/1+i2+i2+...\/1+ 1 >+ 1 5.
1 2 2° 3 3 4 2017 2018
Loi giai

1 \/nz(n+l)2+(n+1)2+n2

, 1
Tong quét: ,[1+—+ =

:\/[n(n+1)]2+2n(n+1)+1:\/[n(n+1)+1]2 :n(n+1)+1_1 1

=1+ :
[n(n+1)]2 [n(n+1)]2 n(n+1) n(n +1)
1 1 1 1 1 1 1 1
Vay X = I+ S+ =S+ I+ S+ + 1+ =+ +..., 1+ +
v \/ 1?22 \/ 2?3 \/ ¥ 4 \/ 2017 20187
:1+—+1+i+1+i+...+1+;
1.2 2.3 34 2017.2018
=2017+1—1+1—1+1—1+...+L—i=2018— 1 =4O72323.
2 2 3 3 4 2017 2018 2018 2018

(Pé thi HSG 9 tinh Pién Bién 2018-2019)

q JX ( 1 2 j
= A [P P: 1+ : —_— _1.
1. Cho biéu thuc: ( x+1 -1 XJX+IX—%—1

a) Rat gon biéu thuc P.
b) Timx dé Q= JX=P nhan gia tri nguyén.
2. Cho (x+\/x2 +1)(2y+1/4y2 +1):1.T|’nh gia tri biéu thae X° +8Y°+2019.

Léi giai:

1. bKXD: x>0, x=1.

St ee v el
5. P=|1 ; - -1.
) Taco [+x+1 IX=1 xx+x-x-1

C(x+1+Xx ) 1 2 1
_( X+1 ] IX=1 X (x+1)—(x+1)

_[x+1+ﬁ]_ 1 2
Ul XL (x+)(VX-1)
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:(x+1+\/_J X+1-2 x+1+\/_} -1 1
X+1 (x+1 J— ]_ X+1 . X+1 (\/; 1)

[ x+1+0x )X+ X+1++/X x+1
_[ X+1 J[ x+1] _[ x+1 J\/_Jrl

_x+l+J_ x+1+ﬁ—ﬁ—1: X
Ix+1 Ix+1 Ix+1

e X XHx=x_ X 1
VX =P=Vx X+l Ix+l Ix+l =1 Ix+1

b) Tacd: Q=

. i vx+1=1 (TM

pt Qel mi1:x+le X (M) < x=0.
VX+1=-1(KTM)

VayX:OjQED.

2. Xét biéu thuc: VX2 +1 21V X

Déau "=" xay ra khi va chi khi x = 0.

Voix=0=>X+VX*+1=1(1)

Tuong tu: 2Y++/4y*+1=1khi y=0 (2)
Tur (1) va (2) :>(x+\/x2+1)(2y+«/4y2+1):1<:> x=y=0.
vei X=Yy=0=x*+8y*+2019 = 2019.

vay X°+8y°+2019 =2019.

(Dé thi HSG 9 huyén Hoai Nhon 2018-2019)

2
a) Cho x= 1 1

JV2 4111 V2 +1+1
b) Cho x=33+2v2 +33-22 va y=317+1242 + 317242 . Tinh gia tri cua biéu thc:
C=x"+y’-3(x+y)+2018,

2018

. Tinh gia tri cua biéu thuc B = (l—2x+ x*+x° —x“)

Loi giai
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a) Ta co: x= 2 = g =2. Thay x=+/2 vao biéu

1 1
J2+1-11 JV2+1+1 (JJE+1—1)(JJ§+1+1)
thue, ta duoc:
o-[1-2+(2] o] 2]
b) Taco:
X3 =(€/3+2J§+%/3—2J§)3 — 3+ 242 +3x+3-22 =6+3x.

2018

—(1-2V2+2e242-4)  =(-1)* =1,

3
% :(%/17+12J§ +$/17—2\/§) —17+124/2 +3y +17-12/2 =34+ 3y .

Cong vé theo vé ta dugc: X +Y° =40+3x+3y < X*+y* —3(x+y)+2018 = 2058.

Viy C = 2058 khi x=3/3+22 +33-22 va y=317+1242 +317-22 .
(D& thi HSG 9 huyén Thach Ha 2018-2019)

1. Tinh gié tri biéu thic A=(4-++15)(v10 -6 )4-15

2. Tim diéu kién x4c dinh cua céc biéu thirc sau:

_\/x2—2x—3 X—+/2X+3

Léi giai

1. Ta 60 A=(4+E5) (V0 - VB }Ya ~i5 =4+ V85 4+ VIS4 5 | (B0 - VB

A =4+15.14/2(\B—+3) =8+ 215.(\5-+3)
A=(v5+8) (\5-+3)=5-3=2

biéu kién xac dinh caa M 1a x2 —2x—3>0

{x+1>0 5 {x+1<0
hoac

Xx—3>0 x—3<0

{x>3
=
Xx<-1
2X+3>0

2. biéu kién xac dinh cua N 1a SX>2X+3>0 (*
' ' {x—\/2x+3>0 )
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X>3
SX>2x+3x°-2x-3>0 < (**)
Xx<-1

Tir (*) va (¥*) ta duoc X > 3 1a diéu kién xac dinh cua M

(D& thi HSG 9 huyén Thach Ha 2018-2019)

| 11 [ 11 1
Tinh gié tri cua biéu thac: B= 1+1 Tt 1+2 +32+ Ay +

2° 2018°  2019°
Loi gidi
TTT oy 1
Theo cau 1) Taco bz 2 b cl la b ash (*)

Ap dung (*) ta co:
R TER P
P2y @)1 2 M)

1 l 11, 1 11
Tuong tu l-l- st = _2 Syo-Z
3 1 2 3 4 1 3 4

\/1+1 1 1,1 1

+
2018*  2019° 1 2018 2019

1 4076360
2019 2019

Suyra: B=2019—

(D& thi HSG 9 huyén Kim Thanh)
. X+2 Jx 1 ) Jx-1
1. Cho biéu thirc: A= + + ; :
XWX =1 x+x+1 1-x /) 2
a, Rat gon biéu thuc A .
b, Chitng minh rang: 0 < A<2,
\/2+ X +\/

X+ 2
X—2

2. Cho biéu thc: =2 v6i 2<x<2 va x=0.

Tinh gia tri cua biéu thuc:

Loi giai
1.a, Taco: x>0,x=1.Khido:
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A—( X+2 \/; 1 J\/_ -1 X+2+X—\/;_X_\/;_1 2
xx—1 x+dx+l 1-vx) 2 (\/;_1)(X+\/;+1) T

0 x=2dx+1 2 2

_(\/}—1)(x+\/§+1)'x/;—1_ X+/X +1

b, Vi x>0,x=1 taluéncdé A>0

Lai co: X+\/§+121:> <2 hay A<2.

2
X++/X +1

Vay: 0<A<2,

a-b_c—d 1,

c_ab
d a+b c+d
J2+x+2-x i 22-x _2-1
=2
J2+x-2=x 2J2+x ~ 241

Tir gia thiét —2<x<2 suy ra:

ﬂ>0:>2_ \/_ 1 2 —(3+2J_) XLZ:—l? 12«/_
2+ X 2+ X -2

2. Ap dung tinh chat: 2 =

(on

2+X \/_-{-1

(D2 thi chon HSG 9 Bic Tir Liém 2018-2019)
1. Cho biéu thuec:

S T ——— R
Xy xeyE2y (Jxay) WY ) ey

a) Rut gon biéu thue A .

b) Tinh gié trj ctia bidu thic A khix = 3+5;y=3-5
a-b b- c _c-a c a b

2. Cho 2 biéu thirc: P = + Q= + + véi a,b,c=0 thoa man:
c a a-b b-c c-a
azb#c va a®+b®+c®=3abc . Ching mmh rang: P.Q =9
Loi giai

l.a) BKXD: x>0,y >0;x#y
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A (sz L, 2 {L+LJ.J§—W
Xy ) x+y+2xy (\/;Jr\/y)"5 Ix o Jy ) oxydxy
ey 2AVly) oy

ST o (i)

_ x+y+2\/ﬁl xy\/ﬂ
xy(Vx+ly ) Vx=ay

_ 1 lxy\/ﬁ __x
Jo oy -y

b) Vi X=3+«/§; y=3-Btaco: X >y do do:

o [EEEE e
X+y=2{xy (3+5)+(@3-VB) 2,3 ~(vB)  °7%2

Viy A=\B=22

2. Taco: a®+b*+c®=3abc = a’+b*+c®*—3abc=0

Ma A® =

& (a+b+c)(a’+b’+c*—ab—ac—bc)=0 (1)
Ma a2+b2+c2—ab—ac—bc:%[(a—b)2+(b—c)2+(c—a)2]¢0 (Do azbxc)

Do d6: (1) < a+b+c=0=a+b=-c;a+c=-b;b+c=-a (2)

Mat khac:
P:a—ber—chc—a:ab(b—a)+bc(b—c)+ac(c—a)
c a b abc
b ab(a—b)+b*c—bc’ +ac’ —a’*c (a—b)(b—c)(a—c) 3
abc abc
Hon ntra:
a-b=z X—y=a+b-2c=-3c
Patyb-c=X Taco: {y—-z=b+c-2a=-3a (do(2))
c-—a=y z-x=a+c-2b=-3b
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Vi thé:

o c a b __1(x—y+y—z z—xj

= = +
a-b b-c c-a 3

z X y

_ 1 (x=y).(y-2).(x-2)
3 Xyz

(Bién dbi twong ty rat gon P)

_ 1 (=3c).(-3a)[-(-3h)]
3" (a-h).(b-c).(c-a)

3 —9abc A

" (a—h).(b—c).(c—a) @

. . _(a=h).(b-c).(a~c) —9abc B
T (3), (4) taco: P.Q= abe b b0 a)

Vay PQ = 9

(D& thi chon HSG 2018-2019)

ZJEJ_[ 1 2\/a

a+l) (1442 ava+va+a+l

Cho biéu thiec: A=[1— J,vdi a=>0.

1. Rat gon biéu thic A .

2. Thinh gia tri cua biéu thac A khi @=2010-2+2009 .

Loi giai
1. Piéu kién a= 0. Ta co:

ao[p2a)f 1 2la
7 a+1)(1+/a aJa+Ja+a+l

_a—2\/5+1_ 1 2\/a
~a+l l1+va (@+)(++a)

(x/a—l)z' a+l-2va
a+l (a+1)1++a)

_Wa-tfesvaa o
(a+1)(va -1)2

2. a=2010-2/2009 = (/2019 —1)2
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= A=1+,/(x/2009 —1)* =+/2009 .

(D2 thi HSG 9 tinh Quing Ngii 2016 2017)

RUt gon bidu thirc: A V5+3 + 345
Ut gon biéu thic: A =
V2+43+45 V2-y3-5
Loi giai
J5+3 3-5

R0t gon biéu thie: A = \/§+W+\/__W
3 3-V5__ 2(+3) | \2(3-\)

2+\/3+\/' J’—Js J5 2+\/6+2\/_ 2-6-25
V2(V5+3) | V2(3-V5) _V2({5+3) 2(3-+5)

2+«/(J_+1 2—«/(J_ 92 5+3 3-5
=22
(De thi HSG 9 tinh Quang Ngai 2016 2017)
x2 =X ~ x2 +/x
?<+\/;+1 x—\/§+1 9
a) Néu dieu kién xac dinh va rat gon biég thuc A
b) bat B = A + x — 1. Tim gi& tri nhé nhat cua biéu thic B

Cho A=

Loi giai
A X2 —/x ~ X2 ++/x
X+ X+1 x—\/;+1
a) PKXD: x>0
2 2 \/;(\/X_S—l) \/;(\/X—S+l)
o X xR

X+ x+1_x—\/;+1_ x+\/§+1 - X=X +1
_\/;(\/;—1)(X+\/;+1) \/;(\/;H)(x—\/;ﬂ)
- X++X+1 - x—\/;+1

VR (VR =1) =R (VX +1) = x =K xR =2

B)B=A+x- 122X +x—1=x~2X ~1= (X -1) 222

Diu “=" xay ra <> «/x —1=0< x =1 ( TM DKXD)
Vay GTNN cua biéu thic B=-2 khi x=1
(Dé thi HSG 9 quin Ciu Gidy 2017 2018)

2-/x +3 &+1 Jx -2 2x+J_ 6
Cho hai biéu thirc: A= 2 Va B = N T RN AT vai 0<x#1
a) Tinh gid tri cia A v6i x=6+25
b) Rit gon B
¢) bat P = B:A. Tim c4c gi4 tri nguyén caa x dé P nhan gié tri nguyén

Loi giai

a) Tinh gia tri coa A vai X~ 6+215
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x:6+2\/§:5+2\/§+1:(\/§)2 +24/6.1412 :(\/§+1)2

\f=4/(\@+1)2 =[5 +1=+5+1

Thay\/_ V5 +1vao A_2§+3

2NX =2
2(J§+1)+3 25 +5 (2\/_+5).J§:2,5+5,J§:z+£
([+1) 245 24545 2.5 2
Viy X=6+245 th A=2+2\/g
b)RUt gon B

\/_+1\/_22x+\/_6

A=

o S2 19 xadx- 2(OSX¢1)
B:J_+1_J_—2+ 2X+~/x —6

Ix+2 Jfx-1 (&—1)(\/;+2)
_(&+1).(&—1)—(&—2).(J§+2)+2x+&—6
_ (Vx-1)(Vx+2)
B=x—l—x+4+2x+\/;—6

()

B_ 2X+~/x -3

(Vx-1)(Vx+2)
B:(&—l)(2&+3)

(1)(e )
B=2‘J§++23(osx¢1)

¢) bat P = B:A. Tim céc gié tri nguyén cia X dé P nhan gia tri nguyén

2x+3 2x+3  2x+3 2«/?—2_2\&—2_2+ -6

IX+2 20x=2  x+2 2dx+3  x+2 0 Jx+2

P nguyén fG nguyén < —65(\/§+ 2) o Jx+2e U(-6)

X+2
Ma U(-6)={+1, 42, 43,46}
Mit khéc: V/x+2>0
= x+2¢e{2;3;6}
=x e{0;1;4}
= x€{0;1;16}
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P=B:A=




Két hop PKXD: 0< x#1
Két luan: Vay x={0;16} thoa mén yéu ciu bai toan

(Pé thi HSG 9 thanh phé Bic Giang 2016 2017)

aa-bvba b
a-b  Ja+vb vb-+a

tri biéu thic M biét (1-a)(1-b)+2vab =1

b) Tim cac s nguyén a, b thoa mén ° +18/2 =3

a+b\/§ a— b\/_
¢) Cho a, b, ¢ thoa man Ja+yb+yc=7 - a+b+c=23; vabc =3 Tinh gi4 tri bidu thic H=

1 1 1
+ +
Jab+Jc -6 Jbc+/a—-6 +Jca++b—-6

a) Cho biéu thirc M=

véia, b>0vaa# b. Rat goi M va tinh gia

Loi giai
-RUt gon M= ————~ /ab vGia,b>0vaa#b
Ja—b
-Taco

(1-a)(1-b)+2/ab=1<ab-a—b+1+2yab =1

<:>ab:<\/5—\/5) @(m) —1<:>m—1
+ Néu a>b>0
Jab
:>\/5>\/_:>\/_ \/B>0\/_>0:>\/_ \/_
|: ab Jab =>M-=1
NS IR -
+ néu O<a<b
Jab
:>\/5<\/_:>\/_ \/5<0\/_b>0:>\/_ \/_
NI e R PRV
"l b
5
a+tby2 a- b\/_+18\/_ 3

& 5a-5by/2 —4a - 4b/2 +182 (a* - 2b°) = 3(a” - 20°)
< 5a—5b/2 — 42— 4b/2 +18a2+/2 — 36b%+/2 = 3a% — 6b?
< 18a%y/2 —36b%\/2 ~9b+/2 =32’ —6b* —a

< (18a® - 36b° - 9b) /2 =3a” —6b’ - a

3a’-6b*—a
18a? —36b% —9b

2 2 ,
Vi a, b nguyén nén 183‘32 _366bb2_ a_ . Q=+V2eQ =>Volyvi V2 lasovoti
a — J—

-Néu 18a? —36b? —9b % 0 => /2 =
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18a% —36b>-9b =0 {3&2 —6b? = §b
= 2

-Vay ta co 18a2—36b2—9b:0:>{ <:>a:5b

2 2 N
3a“—-6b°—a=0 332 —6b2 = a

Thaya:gb vao 3a®’-6b*-a=0t

aco 3-%b2—6b2—§b=0<:>27b2—24b2—6b=0<:>3b(b—2)=0

Ta c6 b=0 (loai) ; b=2 (thod mam) , vay a=3. Két luan

Taco (\/5+\/5+\/E)2=a+b+c+2(\/£+ﬁ+ﬁ)

ma a+\/5+\/5:7 -a+b+c=23nén \/%+\/E+\/a=13

Taco Vatvb+ye=7=c-6=-Ja-+b+1

nén ab ++/c —6=+/ab —/a—b +1=(Va-1)(vb -1)

Tuong tu \/E+x/5—6=(«/5—1)(\/5—1);\/§+\/5—6=(\/5—1)(\/6—1)
Vay H=

1 1 1

Jab+Jc 6 Jboc+va_6 Jea+b_6
1 1 1

“(VEa-g(B-1) (B-1)(e-1) (Va-1)(Ve-1)
_ Joe-1++4a-1+4b-1
(Va-1)(vb-1)(Ve -1)
: (V2B -3 BREN
Jabe +(v/a ++b ++/c)—(vab +vbc +ca) -1 3+7-13-1
(D& thi HSG 9 thanh phd Bic Giang 2016 2017)

. 443 +4/4-4/3
Tinh gi& tri cua biéu thirc N:\/ +://_ +\}/, V3 +\/27—10\/§
4 ++/13

Loi giai

N:‘E(\/Mﬁﬂ/“_@)+\/25—1o\/§+2
\/8+2\/1_3

_ J2(/4+3 +4-\B3) Jo
\/(4+\@)+2\/4+\/§\/4—\/§+(4+\/§)

_V2(/4+3+\a-\B) | /rﬁz:ﬁ(J4+J§+J4—J§)+‘5_ﬁ‘=ﬁ+5_ﬁ=5
\/(\/4+\/§+\/4—\/§)2 Ja+B++4-3

(D& thi HSG 9 thanh phd Bic Giang 2016 2017)

Cho a, b 1a s6 hitu ti thoa man (a2 +b? —2)(a+b)2+(1—61b)2 =-4ab

Chéng minh v1+ab 13 s8 hitu ti
Loi giai
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GT)= [(a +bY’ —2(ab+1)} (a+b)2+(1+ab) =0
& (a+b) —2(a+b)*(1+ab)+(L+ab)* =0
o[(a+b) -+ ab)T — 0= (a+b)2-(1+ab)=0

& (a+b)?=1+ab < |a+b|=+1+ab € Q;vi:a;b € Q.KL

(Peé thi HSG 9 thanh pho Thanh Héa 2016 2017)
x+2 Jx ! j_\/;—l

xWx -1 x+~/x+1 1-x) 2

Cho biéu thirc: P :[

Vé&ix 20, x # 1
a) Rut gon biéu thac P.
. 2
b) Tim x dé P=7 .
¢) So sanh: P? va 2P.
Loi giai
biéu kién: x 2 0, x # 1.

o [ x¥2 x 1 )ax-l
xJ§—1 )«+J§+l 1—J§ 2

xt2  Ax 1 | 4x-l
(\/;)3_1 Xx+Ux+1 Jx-1| 2

:x+2+J;0&¥i}{x+J§+D_J§—1
(J§—4)(x+- x+1) 2

o x=20x+1 2
(Ji—g(x+ x+1yJ;—l
_ 2
X+4X+1
Voix20,x # 1. Taco:
2

p=2
7

2 2

oS—=—
X+/X+1 7

S X+X+1=7
c>x+J§—6:0
& (Wx-2)(\x+3)=0
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Vi VX +3>0 nen \/;—2=0<:>X:4(t/m)
vayng khi x = 4
7

Vi x20:>x+\/§+121

0«2 <2
X+X+1

=0<P<?

< P(P-2)<0

< P?-2P<0

o P?<2P

Déu “="xay rakhiP=2 <> x=0

Véy P2< 2P )
(Pe thi HSG 9 thanh pho H&i Phong 2016 2017)

5 2017
W(\/_ 1) . Tinh gié tri caa P:(12X2+4X—55) :

\J6+245 -6
voatl a/a — 1, a 2 _ava ++/a-1
b) Cho biéu thirc Ja a- \/_ Ja-ava  ygias 0, a # 1. V&i nhiing gia tri nao
6
2 N T
clia a thi biéu thirc M nhan gia tri nguyén?

Loi giai
a)Taco:
{10+643(v3-1) = (V3 +1* (+3-1)
V6425 ~5 = J(B+1)? —/5
LGB (E-) _ (B+D(3-1) 3 1
Jo5+17 -5 B5+1-+5

Thay gié tri cua x vao P ta dugc:

2017
P=(122°+4.2-55)  =1"""=1
b) Véi diéu kién a > 0; a =1 thi:

a+1+(ﬁ—1)(a+ a+1) (Va-1)(va+1)(a-va+1)

TEAE] AR
v atl a+\/5+1_a Ja+1 (\/5+1)2
N N N
6  6va
idgN=—=—"""—50
Khi d N (JE+1)
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Ta thiy V6i 0<a¢1:>a—\/5+1>0

<:>(\/5+1)2>3\/§<:>La2<2

(Va+1)
Do 0O<N<?2
Dé N c6 gia trj nguyén thi N = 1.
6v/a

=1
o aroarl o a-4a+l=0
(JE—Z)Z—S@{\/g:\/ngZ {a=7+4\/§(th6amﬁn)

=
- ﬁ:—ﬁ+2 a:7—4\/§(théamﬁn)

viy =743
(Dbé thi HSG 9 tinh Thanh Hoéa 2010 2011)

. o1 1 1 s 2 h2 2 s s
a) Cho ba so htru ti a, b, ¢ thoa man E+B=E. Chitng minh ring A=+a°+b”+¢° 1asé hitu ti.

1 1 1
+ +
(x=y) (y-2)* (z-x)°

b) Cho ba s hitu ti X, Y,Z d6i mét phan biét. Chirng minh rang: B:\/
s6 hitu ti.
Loi giai
Tur gia thiét suy ra 2ab —2bc —2ca =0
Suyra A=,/(a+b—c)® =|a+b—c| lasb hiru ti
1 1 1 1 1 1
bata=——,b= ,C= suyra —+—=—.
X—Yy y—2 X—2 a b c
1 1 1
2 + 2 + 2
‘ CNO=y) (y-2) (z-%)
(Pe thi HSG 9 thanh pho Bac Giang 2017 2018)
x+2\/§+4+x+2\/§+1J (3\/_ 5, 2x+10 J

Cho biéu thuc M =
8) Cho biéu thirc { xy/X -8 x—1 Jx -2 x+6\/§+5

14 s6 hitu ti.

Ap dung cau 2a) suy ra B = \/

Rt gon M va tim x dé M>1

b)Choa,b,c>0th6aman\/%+\/E+\/£:1_Tth_\/_x/_ «/_J_ Joc-+a

1+c l+a 1+b
Loi giai
2) Cho biéu thic M =| e+ L2 X+ Jx - Ix+
xy'x -8 x—1 | Ix-2  x+6¢x+5

Rt gon M va tim x dé M>1

™ {(J—z)ffzj‘él)(f(fl)(?lﬂ [ﬁ & (;(&;)5)}

{1 &+1j3[5 2
Ix=2 Jx-1) [ Jx-2 Ix+1
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) X =14+(Vx+1)(VX=2) (@35 —5)(x +1)+2(x -2)

g (-2
=\/;—1+x—2\/;+\/;—2_3x+3\/;—5\/;—5+2\/;—4
V(b (g
x—3 _ 3x—9 ~ X—3 («/;—2)(\/;+1)= Jx+1
(e A e e R T ey
Vay MZB’(\/_\/)(_Ttll) Vol x=>0;x#1,3,4
*M< @—&H > @_\/;+1 -1> <:>—4_2\/_ _\/_
B R R
_{2—\/%0
Tacod < f:/;><2<:>1<\/§<2<:>1<x<4.vayM>lkhil<x<4vax¢3
{\/——1<0
b/Cho a, b, ¢ >0 thoa mén \/_+\/_C+r 1T|nhH—\/_ \/_ \/B_\/E+\/E_\/g
1+ 1+ 1+b

a
e Vi Vab+vhe +ca =1 nen 1+c=/ab +vbc +/ca +c . :(J’ Je)(¥b+e)
e Tuong tu tacd 1+a:(ﬁ+f)(ﬁ+f) 1+b= ( )( )
v assb _ bve N

~ (Va+e)(vo ) (Va+b)(Va+k) (Va+ib)(va+ik)

_(Yarie)-(vbek) (Varvb)-(va+ve) (vb+ve)-(va+hb)
(Va+e)(b+ve)  (Vasb)(vase) (Vb +e)(va+b)

1 1 1 1 1 1

“hive Jaide vaide Jaivb Vaidb Jbide -

(Bé thi HSG 9 tinh Hai Duwong 2012 2013)
Cho x, y théa man x=$/y- Jy2+1+§/y+ Jy?+1. Tinh gia tri cua biéu thic
A= X' +XPy+3x7+xy- 2y°+1

Co x= %/y— JY3+ 1+ %/y+ Jy*+1

=0 =2yafy N e e
=x*+3x-2y=0

A=x"+x%y+3x% - 2xy + 3xy - 2y° + 1 = (x*+3x%-2xy) +(x°y+3xy - 2y°) +1

Loi giai
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=X(x*+3x-2y) +y(x°+3x - 2y) +1=1
(D& thi HSG 9 Tinh DakLak 2017-2018)

X—=3+2yx+4vx +4 . Tim x sao cho Pzzoﬂ.
X+3vX +2 2018

Rt gon biéu thirc P =

Loi giai

Ta co:

X—3+2x+adx+a _ 3+2\/ X+2 x-3+2(x 2)_ X+2:/X +1
X+ 3YX + 2 X+3X +2 (\/_+1)(\/_ 2)_(\/;+1)(\/§+2)

_ (*/;”)2 CAfx+1
(&+1)(J§+2)_&+2'

Mat khac P = 2017 = \/_+1 2017 = \/_ 2016 = x =20162.
2018 /x+2 2018

P=

(Pé thi HSG 9 TP Pa Ning 2017-2018)

1++/11 2

Tinh A= +
2411 \18-511
Loi gidi
1+J_ (1+J1_1)(2—J1_1) 2(18+5J1_1)
+
2+J_ 18— 5J_ 4-11 49
A=9—\/_+5+\/_:2

7

(Dé thi HSG 9 TP Pa Niing 2017-2018)
Tinh Cho biéu thire A=| —X=2 Jx L] x-1
x—1 x+144% 1% ) 2d%

i 2
Rut gon A va ching minh A< 3

voi x>0 x#1

Loi giai
+ Rut gon A
X+2 Jx 1 ) x-1_ . .
A o e T \/'J N
N X4 2 ) x(Vx-1) ) Yx+1+4%) | Jx-1
(\/;—1)(x+1+\/§) (ﬁ—l)(x+1+\/§) (\/;—1)(x+1+\/;) " 2x
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(-1 | 2

A () (xoe ) |
Ao X
(x+1+\/;)
+ Chirng minh A<§.
o 2 2lx 2
Xét hiéu A___—(X+1+\/;) 3
2
o Bfx=2x=2Vx=2 2(¥x1) <0 véi x>0 x#l

3(x+1+\/§) - 3(x+1+«/§)
= A—g <0 = A< 2

3 3
(P& thi HSG 9 Tinh Binh Thuén 2017-2018)

7 2 3x+2 3(x-1
Cho biéu thuc: Q =+25X: XX \7;\/51_ Xi_/;\/;+5§ 1) VoiX#E 1vax>0

a) Rut gon biéu thic Q
b) Tim X dé biéu thic Q nhan gia tri nguyén.

Loi gidi
a, Rat gon. VGi x# 1vax >0, taco:
Q=25 Xxjkﬁ—?’“fi&ﬁ’%‘_ll)
=5&:[&(&+1)—(3&+2)+3(&+1)]

=5UX (X +/Xx —3/x -2+ 3/x +3)
:5\/;:(x+«/§+1)
5\

X+X+1

b, Tim x dé biéu thirc Q nhan gia tri nguyén.
Dé thay Q>0.
Phuong trinh sau ¢6 nghiém x>0, x = 1

__5Wx

X+ X+1
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= Qx+(Q-5Vx+Q=0 6 nghiém x>0, x # 1
& Qy*+(Q-5y+Q=0 conghiemy >0,y # 1

A=(Q-5)"-4Q° =(3Q-5)(-Q-5)20

5
< -5<Q<—
Q 3

MaQnguyénvaQ>0nénQ=1hoac Q=2

V6iQ =1 Tim duge X=71% 43 ( Thoa man)
Véi Q =2 phuong trinh v6 nghi¢m.

(Dé thi HSG 9 huyén Xuyén Mac (dw bi) 2016-2017)
\ 20X -1  2x—+x | 2Jx-1
Rut gon biéu thuc: A= Jx + Vx . VX
1-Jx  x=+/x+1 JxE +1

Loi giai
Tacé:A=(2\&_l+ 2x—+/x jg&-l

1-Vx  x=x+1) ¢ +1
_ @D =X+ D X @YX DA X) VX 41

@—Vx)(x—/x +1) 24/x -1
X =)= L X =)W XD (=X D) x+l
B QX)X -Vx +D@2Vx -1 C1-Jx

(Pé thi HSG 9 tinh Bic Ninh 2016-2017)

Rut gon biéu thirc B = \/13 +30y2+/9+442

Loi giai

B=\/13+30m=\/13+30\/2+m

=\/13+30\/2+m — 134302+ B +1
—J13+30y2+ 242 +1 = 13+ 30y/(V2 +1)? =18+ 2418.5+ 25
=m=3ﬁ+5

(D¢ thi HSG 9 huyén Truce Ninh 2016-2017)

1) Rat gon biéu thuc: A = V5+3 + 3-5
J2++3+6  2-+3-5
2 2
2)Cho A= Ix__ xX4x

X+4Xx+1 x—\/§+1

a) Néu diéu kién xac dinh va rat gon biéu thic A

b) bat B = A + x — 1. Tim gi4 tri nho nhét cua biéu thirc B
Loi giai
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1. Rt gon biéu thuc: A = V5+3 3-V5
2+\/3+«/_ V235
A= ~5+3 3-v56  _ V2(+/5+3) J_(s \/5)
2+J3+J_ J2-+3-5 2+\/6+2\/_ 2-\J6-25
V2(5+3) f(3f) _2(5+3) 2(3-+5)

2+\/\/'+1 2—\/\/' 2 B5+3 3-45

=22
X XX
2. A= -
X+4/X+1 x—\/;+1
a) DPKXD: x=0

A %2 =[x B %2 + /X =\/;(\/X_3—1)_\/;(\/X_3+1)
x+\/§+1 x—\/§+1 X+4X+1 X—+X+1

\/;(\/;—1)(X+\/;+1) \/;(\/;+1>(x—\/;+1)
X+/X +1 - X —/X +1
= X (VX =1) = (VX 1) = x=fx = x=x = =24x

B)B=A+x- 122X +x-1=x-2Vx ~1=(Vx -1 ~22-2

DAu “=" xay ra ox-1=0ox=1 ( TM DKXD)
Vay GTNN cua biéu thirc B=-2 khi x=1
(Dé thi HSG 9 tinh Quang Nam 2016-2017)

, x—4 2X=5¢x -1 x 1
Cho biéu thirc P=( - Vx J(X&+2+§+_j vai x>0 va x¢%.

2X+3x =2 4x -1 JX

RUt gon bidu thirc P va tim X dé p gg.

Loi giai

X—4 2X 5% -1 x 1
Cho biéu thirc P = - XX 4242+ | vsi x>0 va x=L Rt
0 Dleu ucC [2X+3\/;—2 4X—1 ][ 2 \/;j Vol va X¢4 ut gon

bidu thirc P va tim X dé p sg.

~ x—4 o x=5Ux-1 (22X 4 X xx+2
2Vx-Dx+2)  (2Vx-1)(2Vx+1) 2x
(mdi y trong khai trién diroc 0,25 diém)

[Wx-2 2x-5(x-1 M(Z\/;+1)(x\/§+2)}

Tl2dx-1 @x-D@Jx+D) 2Jx
1 2kt VX +D) (XX +2)

L @Vx-D2Vx+D) 2x

_ x\&+ 2

24/x
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+V6i X>0 tacd: XX +2=xVX+1+1>33xx.1.1 = x/x +2>3/x
x\/_+2 3\/_
2z

Do do, dé PgE thi x=1.

Suyra P = hay P>_ ( dau bang xay ra khi x =1).

Hoac trinh bay cach khac:
+V6i x>0, ta co: F><E X‘/_+2 3 & XX =3x+2<0 (*)

20x

pat t=/x,t>0.

Khi d6 (*) tro thanh: t*-3t+2<0

& (t-1)%(t+2)<0

Vi t+2>0,(t-2)°>0 nen (t-1)°(t+2) <0 t-1=0t=1hay x=1.
(P& thi HSG 9 tinh Quing Nam 2013-2014)

R0t gon biéu thac A:\/x+4\/x—4 +\/x—4\/x—4 Voi x >4,

Loi giai

a)Véix>4,taco:

A = J(x=4)+4/x—4 + 4 +[(x—4)—4/x—4 +4
—Vae2) s (Via-2)
=\/H+2+‘\/E—2‘

Xét cac truong hop :
*Voix>8tach:
A=\Jx—4+2+x-4-2
=2UXx—-4
*Voi4<x<8tacod:
A =X-4+2-x-4+2
=4
(D& thi HSG 9 thanh phd Thanh Héa 2015 - 2016)
x\/;—Zx—\/;+2 L X x+2x—«/§—2
XX —3/x =2 XX —3vx +2

1. Rut gon P. Véi gia tri nao cua x thi P> 1 ’
2. Tim x nguyén biét P dat gia tri nguyén Ién nhat
Loi giai

ChoP =

1.bidukienx>0;x# 1; 4

_ (XWX -)Ex+D) |, (x+2)(x-DEx+1)

(Vx=2)(/x+1)* (Vx +2)(x ~1)*
— x/;—l Jx+1
NCEERN
- 2(x+1
x-1
P>1.< M> 1& 2(X+1)_1>0<:> 2X+2—-X+1 >0
ox-1 x—1 x—1
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<:>X_+fl3 >0 Theo d/k x>0=> Xx+3>0
X_

= x-1>0=x>1

Két hop diéu kien x > 0; x %= 1; 4

Suyrax>1;x#4thiP>1

2.P= 2(x+1 —04+ 4 V6ix>0;x#1;4
x—-1 x—-1

P nguyén < x—11a udc cua 4

P dat gid tri nguyén I6nnhat © x—-1=1¢ x=2

Vy P dat gid trj 16n nhat bang 6 khi x = 2

(Dé thi HSG 9 huyén Ha Hoa 2015 - 2016)

Cho (x+\/x2+2015)(y+1/y2 +2o15)=2015.

Hay tinh gia tri cua biéu thiac A= x + y + 2016.
Loi gidi
Cho (x+\/x2 +2015)(y+«/y2 +2015) ~2015. Hay tinh A biét: A=x+y+20162
Nhan ca 2 vé cta dang thirc di cho véi (X —X+ 2015) ta duoc:
—2015(y+«/y2 +2015) - 2015(x—\/x2 +2015) )

Nhén ca 2 vé cta dang thire da cho voi (y —Jyi+ 2015) ta duoc:

—2015(x+\/x2 i 2015) - 2015(y—«/y2 +2015) @)

Cong (1) voi (2) theo vé rdi rat gon ta duge: x +y = 0.
Vay A =2016.
(Pé thi HSG 9 tinh Ninh Binh 2014 - 2015)

: X—4 xJx-8] | (Wx-2)*+2Jx
idu thirc A = + ;
ChObleutherA [\/;_2 4_X j { \/;+2

Véi x khéng am,khac 4.

a,Rut gon A

b,Chirng minh rang A < 1 véi moi x khdng am,khéc 4
¢, Tim x dé A 1 s6 nguyén

Loi giai
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a)[ x-4 x\/;—BJ[(\/;—Z)Z +2\/;}

x-2 4-X Ix+2
(-2 (a) (o)) g
I \/;—2 (\/;—2).(\/;+2)

\/— 2_x+2\/—+4} Ix+2

" x+4

J_+2 " X+4
_(&+2) —x=2x-4 x>
J;+2 " X+4
_2x
X+4

24/ X
b) Ta gia str: —— <1
X+4

2x-x-4_ ~(x=2vx+1)-
X

+4 X+4 X+4

Suy ra

2 1
Vi —(\/; —1) —3<0 ludn dang, suy ra diéu phai chirmg minh
(P& thi HSG 9 tinh Quéng Binh 2012 - 2013)

XX +26x =19  2x  x-3

— +
X+2+X -3 JX-1 +x+3
a) RutgonP.

b) Tim x dé P dat gia tri nho nhat.

Cho biéu thirc: P =

Loi giai

a) PK: 0<x#1.Taco:

_xx+26Vx 19 2x  Vx-3

TWX-DWX+3) X1 x+3
XX+ 263X —19— 24X (VX +3) + (Vx —3) (WX -1)
) (Vx-D(/x+3)
X x+26\/;—19—2x—6\/;+x—4\/;+3
) (Vx-1)(x+3)
XX —x+16\x-16  (Vx-1)(x+16) _ x+16

Wx-DWx+3)  (x-Dx+3 x+3

b)
p_ X+i% X+16 \/— 34

Jx+3 Jx
zzJ(&+3)\/;+3

25
Viy GTNN ctia P = 4 khi /X +3= ox=4
\/;+3

+_\/_3\/_+36

(D& thi HSG 9 tinh Hung Yén 2014 - 2015)
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3
Cho X=+/2+ J3 - 6\/[ 10 . Tinh gié tri ctia biéu thirc
+
2015
x +x%—x?—2x— 1)

Loi giai

W_/Bx/_l \/ﬁ\/\/&/_ 9+343-1 N 3<\5_1)3
_oidi- JI 1 J4+2f (3 \/1+*f 3_1)2:J§

J3+1

Thay x=+/2 vao Ataco
A=(X4+X3—X2—2x_1)2015 (4+2\/— 2_ 2\/— ) 12015 _ 1
Pé thi HSG tinh Phu Yén nim hoc 2017 — 2018)

2443 2-3
2 . 2
1+\/4+2v’§ 1__\/4—2\/3

2 2

Tinh gi4 tri cia p =

Giai:
2445 2o [2+B)B-B) (2-B)3+48) 345 35

+

3+\/_3«/_ 6 6 6 6
=

X+vx+1

a) Rut gon dugc A =

b) Chung minh dugc 0 < A <1 nén A khong nguyén
(D& thi HSG tinh Phii Yén nim hoc 2017 — 2018)

2443 2-3
2 N 2
1+v@lzv§ L_JZL2J§
2 2

Tinh gid tricia p =

Giai:

2443 23 _(2B)B-) (2B)(3+B) 3ei5 a5

P=

+

3+\/_3\/_ 6 6 6 6

(P& thi HSG tinh Gia Lai nim hoc 2011 — 2012)

Cho x = : 2 : . Tinh gié tri caa biéu thic A = (x*—x*—x* +2x —1)2012

Wzri-1 V24141

Giai:
RUt gon x =+/2 . Thay x =~/2 vao biéu thirc A ta duoc A =1
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(P thi HSG tinh Vinh Phiic nim hoc 2015 — 2016)
Jx+d Ml_z\/;+5j

Cho biéu thirc A = +
[ x-4  Jx-2 Jx+2
RUt gon biéu thac A

Tim tat ca cac s6 nguyén x dé biéu thicc A nhan gia tri nguyén

Giai:
x>0
. x>0
biéu kién {x—-4=0 <:>{
xz4
2Wx +5
1- 0
«/;+2
2(Vx+3) ~(Vx+3) )
Taco: A= : S A=

x-4  Jx+2 2-x

péx, A€ thi 2-~/x 1a uéc cua 2. Suy ra 2-/x nhan cac gia tri +1;+£2

2—Jx 1 1 2
X 1 9 0
A 2 2 1

(Dé thi HSG tinh Can Tho nim hoc 2012 — 2013)
p_2m+y16m+6 ym-2 3

+ + )
1.Chobiduthee  m+2Vm-3  Jm-1 m+3

Rut gon P

Tim gia tri tw nhién ciia m d@é P 12 sé tw nhién

3 2013
2. Tinh gia tri (a +15a_25) Véi a=313-776 +313+746
Giai:
m>0;m=#1

a) Piéu kién :

Jm+1
Jm -1

P=
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Dé Pell :>me{4;9}

a=13-76 +13+76 = a’ =26—15a
—a’+15a-25=1=>(a'+15a-25)" =1

(D@ thi HSG tinh Pic Lic nim hoc 2016 — 2017)

. . 1
Cho s0 thyc a ma a > 2. Rat gon biéu thirc A =—.
a

(a_l)ﬁu fa- 1)F ]
a+2 \/
Giai
Azl.{(a—l)x/afl+l+(a—1)\/ﬁ—1}=l. ( a—1)3+1 X ( a—1)3—1
# [ Va+2va-1 a-2a-1 | 2 \/(\/EH)Z \/( a—1—1)2
(J_+1)(a 1- \/_+1) (x/aTl—l)(a—1+\/e:+l)
_a Ja-1+1 Ja—1-1
(a—J_+a+J_) 2(doa>2=a—1>0a—1-1>0)

(Tuyen sinh vao 10 chuyén Binh Dinh nam hgc 2013 — 2014)

Chobiéuthfrc:Q_L \/;+2 —\/;2J(X+\/;) (Voix>0;x#1)

X+24x +1 x—1

1. Ratgon Q

2.Tim céc gié tri nguy@n cia x dé Q nhan gia tri nguyén
Giai

1. Rat gon Q

= \/;+2 —\/;_2 X+VX |= \/;+2 - \/;_2 X[VX+
Q_[X+2 x+1 x-1 ]( \/_) (\/;4_1)2 (\/;_1)(\/;+1) \/_(\/_ 1)

()

: \/;(\/;+1) x+f 2- x+\/;+2\/—
()

e

Tim cAc gia tri nquyén cua x dé Q nhdn gia tri nquyén:
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Q= 2X _oy 21:>Qe[| < x-1eU (2)={-2,-1,12} = x e {-1,0;2;3}

Két hop vai didu kien => X €{0;2;3}
Vay voi X €{0;2;3} thi Q nhan gia tr nguyén.

(Tuyén sinh vao 10 chuyén Binh Pinh nim hoc 2013 — 2014)
Khong ding may tinh, hay rdt gon biéu thic: A = \/7 +/13 - \/7 1342

Giai

A=y7+13 =713 =2 Taco:

JE.A=\/14+2JE—\/14—2JE—2=\/(JB+1)2—\/(\/5—1)2—2
‘ﬁﬂ‘ ‘\F 1‘ J3+1-1341-2=0

=A=0

(Tuyén sinh vao 10 chuyén Hai Phong nim hoc 2012 — 2013)
15x-11  3Jx-2 2Jx+3
x+2\/§—3 \/;—1 \/;+3

Cho A= . Rt gon va tim gié tri 16n nhat cua A

Giai

15Jx 11 3J/x-2 2x+3

x+2\/— 3_ J_ 1 - \/;+3

A= 15X ~11- @YX - 2)(Vx +3) - (2Vx +3)(x -1)
(Vx-D(/x+3)

1)A=

A=-—

17
5+ ,
\& +3
r A . r ’ A M 2
A 16n nhat <> X =0 khi d6 A 16n nhat bang § .
(D& thi HSG tinh Bén Tre nim hoc 2016 — 2017)
(x*-3) +12x°

2
X

Cho biéu thiic B :\/ +y(x+2)" ~8x . Rut gon biéu thirc B va tim céc gié tri

nguyén cua x dé B c6 gia tri nguyén

Giai:
()(2—3)2+12x2 3 (x2+3)2 7 xX*+3
B= N +1/(x+2) —8x = X—2+1/(X—2) |X| +[x -2
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2 2
X 3—X+2:M:—2X+2—§
X X X

+) Néux <0: B=

x=-1

B c6 gié tri nguyén khi %eD < xeU@B) véx<0<:{

2
X +3_X+2:2x+3:2+§
X X X

+)NéuO<x <2 : B=

B c6 gié tri nguyén khi EED osxeUQB)vax>2<x=3
X

Vay:
J— 2 —
2x°+2x -3 Kkhix <0
X
B=/2 3 rhio<x<2
X
2
w kh] X>2
X

B c6 gia tri nguyén khi x & {£1;+3}

(Tuyén sinh vao chuyén tinh Quang Ninh niim hoc 2017 — 2018)

J3 3 x 3
Cho biéu thac: A= + 221 vsi x#£0:x£4/3)
o I [x2+x\/§+3 X —27 (N3 x (v )

1. Rat gon biéu thirc A.

2. Tinh gié tri cua biéu thuc A khi x = J§+\/J§—\/3—\/29—12\/§ .
Giai:

1. Véi didu kién x4c dinh 1ax #0; x # /3

A:[ e + 3 J{i+£+lJ
x2+x/3+3 x*—27 |3 x

_ 3 N 3 X% +X+/3+3
X2+ xv3+3  (x=/3)(X2 + x4/3+3) J3x

_ (x—/3)\/3+3 X2 +x4/3+3
L (x=3)(x% + x4/3+3) J3x
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1
x—+/3

2. Taco:

x=\B+\\5—\3-29-1245
S N N )
= 3+\\5 - 6245
3 +35 B

=+3+1 . Nénthay x = +/3 + 1 vao A ta co:

x—+/3  [3+1/3

(Pé thi HSG tinh Vinh Phiic 2014-2015)
3+V16x—7 x4l Vx+7) [, Vx
x+24/x=3  x+3 x-1) | Jx-1

a) Rt gon biéu thuc A.
b) Tim x dé A=—-6.

Cho biéu thtrc Az(

Loi gidi
a) Rat gon biéu thuc A,

x>0

X+24/x—3%0

Diéu kien: {/x +3=0 Tudo: Xx20x=Lx=4
Ix =10

Jx
Jx -1

2— #0

Bién doi:
3x+\/16_x—7_\/;+1_\/;+7
x+24/x-3  Ix+3 Jx-1
(RET) i e
(Vx-1)(vx+3)  x+3 Jx-1

C2Ux+6 x+7 _2(\/;+3)_\/§+7_ Cx+7 x-9
X3 x-1 x#3 WIx-1 T x-r x-t
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va 2— Jx :&_2
Ix-1 Ix-1
o Jx-9 x-2 Jx-9
Tu do: A= : =
Ix-1 " x-1 x-2

b) Tim x d¢ A=-6.
Bién doi: A:—es@&‘gz—s@&—g:—e(&—z)
Ix-2
& 74X =21 < x =9 (thoa man didu kien).
Viy dé A=—6 thi x=9
(Pé thi HSG tinh Bic Giang 2017-2018)
2) Cho bidu thic M = x+2\/§+4+x+2\/§+1 _ 3&—5+ 2% +10
x+/x —8 x—1 JX=2  x+6Jx+5
ROt gon M va tim x d& M > 1
b) Cho a, b, ¢ > 0 thoa méan Jab ++/bc ++/ca =1.
Ja-\b b-E e-Va

1+c l+a 1+b

Tinh H=

Loi giai
o, B x+2x+4 x+2x+1) [3/x-5 2Jx+10
a/ChobleuthucM—( X8 + v J'(\/;—2+x+6\/;+5J
RGOt gon M va tim x dé M>1
M = X+ 24X +4 . (x +1)? _3\/;—5_'_ 2(\/;"‘5)
(Vx=2)(x+2vx+4) (Vx-1)(vx+1) Jx -2 (Vx+1)(vx+5)

Rl

T2 x-1) | -2 e+t
XL () (X -2) axos)x )+ 20X -2)

(=2)(x-1) o (Vx-2)(Vxe)
=\/§—l+x—2\&+\/§—2_3x+3\/§—5\/§—5+2\/§—4

(g (g
_ x—3 _ 3x—9 _ x—3 (\/;—2)(\/;“): Jx+1
) [N N R R TN
3 -ﬂ VoI X2>0;x #
Vay M—3<\/;_1) >0;x=13,4
*M<1<:>—\/;le 1 \/§+1 1>0< 4_2\/; >O<:>2_\/;>0

I N I M
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_{2\/?>o
\/;—1>0

Tacod < ol<x<2e1l<x<4.VayM>1khi 1< x<4vax=3.

2-/x <0
_{\/;—1<0

b/Cho a, b, ¢ >0 théa man ~/ab ++/bc ++/ca =1.
Va-b Vb-e Jo-Va

1+c l+a 1+b

Tinh H=

Vi ab ++/bc ++/ca =1 nén 1+c=+/ab +/bc + ca+c:...:(\5+ﬁ)(\/5+\ﬁ)

Tuong tu ta ¢ 1+a:(\/5+\/5)(«/5+\/6);1+b:(\/5+\/5)(\/5+\/E)

Vasdb . bk oA
(Va+vo)[\b +ve) (Va+b)[\a<c) (va+ib)(va+e)

(a+e)~(vB+vE) (va+b)-(va+ve) (vb+e)-(va+h)
T (Jaie)(Vb+v6)  (Ja+b)(va+ve)  (b+vc)(va+b)

1 1 1 1 1 1

"V va+vo Jaivo Jaib Ja+b vbive
(Pé thi HSG tinh Lang Son 2017-2018)
x—x—4«/§+4_ x\X + X —4Jx -4

2-3Jx +x/x 2+43/x —xa/x

a) Rat gon biéu thuc A.

b) Tinh gi4 tri cta biéu thuc A khi x = (2+\/_%“ 7-4V3 .

Vay H=

Cho biéu thic A==

Loi giai
a) Rt gon biéu thirc A.
Pit t=+/x, t>0,t =1t =2 khi do:
C-t°-4t+4 +t"-4t-4
2-3t+t° 2+3t—t°
CE-DE-2)(t+2) (t+1)(t-2)(t+2)
t-Dt-D({t+2) (t+D{t+)(2-t)
_t-2 42 2t2 -4 5, 2

= A=

t— 1 t+1  t2-1 t* -1
::>A:2—i
x—1

b) Tinh gid tri cua biéu thic A khi x = (2+J§) V7_4*/§ |

_@+VBNT-43 _ 2+43)(2—3Y (2+f)(2 ¥3) 1
J2-1 J2-1 V21 v2-1
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2 2
Do d6: AZZ——ZZ—Ezz_,\/E

J2+1-1
(Pé thi HSG tinh Pha Yén 2015-2016)
ava-1 ava+1 3Wa 2
a1 aasl g 13 2+4a
a-Ja a++a JaJa-1 Ja+1
a) Rut gon biéu thac P

b) Chang minh ring véi moi gidi tri caa a (thoa didu kién thich hop) ta déu cd P>6.
Loi giai

Cho biéu thic: P = ).

a) R0t gon biéu thuc P

_ Na-r & ar (J_ L HaWat @+Va)wa-b),
JaWa-1) JaWa+l) © Va (Wa-nWa+) (a-nWa+D)
_(Wa-D@+Va+l) (Va+l)(a- J5+1) a-13a+3Ja-24/a+2-a++a
-~ VaWa-p AW+ Na | Wa-d(a+)
(a+J5+1) _(a- \/5+1) a-1 2a+2Ja+2
Ja " VA (a-ya)
=2J5+(J5—1)(J5+1) 2(a++/a+1)
Ja Ja ‘Wa-Da+))
2(a+«/§+1)
2+T
_2Ja+2a+2a+2
) Ja

2
=2Ja+——=+4
Ja

b) Chung minh rang véi moi gidi tri cua a (thoa diéu kién thich hop) ta déu co P>6.

Taco 2\/5+122 Zﬁ.i:4 vay p=8 hay p>6(dpcm).
Ja A"

(D& thi HSG tinh Thanh Oai 2013-2014)

Jx Jx+3 \/_+2 Jx+2

Cho M =(1-
( \/_1)(\/_2 3-+/x x5\/_+6)
1. Ratgon M
2. Tim gia tri nguyén cua x dé biéu thuc M nhan gia tri 1 s6 nguyén

Loi giai
DKXD: x=0;x#4;x#9 (*)

1RUtgon M : V6ix=0;x#4;x#9
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M =

[\/;+1 IJ {\/}+3 f+2 Ix+2
Ix+1 J’z[s(fz)(fs)
_ 1 .{(&+3)(&—3)—(ﬁ—2)(&+2)+(&+2)
Ix+1 (Vx-2)(/x-3)

1 _x—9—(x—4)+\/§+2

Sl (W -2)(Wx-3)

_Vx-2

_\/;+1

x-2 (VGi X=0;x =4 x=£9) (*)

\/;+1

Vx-2_Jx+1-3_Vx+1 3 . 3
\/§+1 \/§+1 \/§+1 J_+1 \/;+1

Biéu thirc M ¢ gia tri nguyén khi va chi khi: 3ivx +1< Vx+1eU(3)

Vay M =

2) M =

UB)e{L+3 | Vi x20=>Vx>20=>/x+1>1
Nén Vx +1e{L3 } Xay ra cc truong hop sau:
 X+1=1<Vx=0< x=0 (TMDK (*))

. X+1=3< X =2 x=4 (khong TMDK (*) loai )

Vay x = 0 thi M nhén gia tri nguyén. _
(CHON HSG TINH AN GIANG NAM HOC 2017-2018)

1 ]{2“{ 1, 2xx+x—x

Cho biéu thtrc Pz( ]v(yix>0,x¢1,x¢%

1-Jx x| 1-x 1+ x/X
4
Tinh gia tri caa P tai X:ﬁ(\/3+\/§+\/3_\/§)
Loi giai
Taco P = 2x+\/_ 1 2x\/_+x J_
1+x\f
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[ ) [ (R
el |

)| ) e

okl 1 Jx
&(l_&)._(2\/?—1)(1_\/;+X_\/;+1ﬂ
:_ 2x -1 2Jx -1
Rl
X=X +1

NS
Laicod:
x:%(\/3+\/§+\/3—«@)
N S
- 5 "
) 4-Ja+1 3
Vay P = 72 :E

(PE THI CHON HSG BAC GIANG NAM HOQC 2017-2018)

X+24/x+4  x+2x+1 ) 3Wx-5 2Jx+10
+ + :
xy/X -8 x—1 JX-2  x+6Jx+5

Ratgon M vatim x ¢¢ M >1.

Cho biéu thire M :(

Léi giai

DKXD: x>20;x#1Lx#3,x#4.

M = X+2+/x +4 N (X +1)? '3&_5+ 2(\/;+5)
(Ve=2)(xr2ea) (Vx-)(vet) [ Vx=2 - (et (Vicrs)

_[ 1 x+1)(3Vx-5 2
lx—2 Ux-1) L x-2 0 Ux+l

e () (Vx-2) @Vx o)k e <2603 -2)
(V-2)(-g) o (Vx=2) (V)

Xl x=2x+4/x =2 3x+3x -5Jx 5+ 2:/x - 4 x—3 _ 3x—9

(P=2)(x-11) o (I2)(Ver) (Vx-2)(Vx-11) (Ve 2)(Veee)
-3 (Px-2)(x+1) ke

T(K-2)(Vx-1) 3x-3) 3(Vx-1)
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\/;+1 \/;+1

*M>1l =5——>1 & -1>0 & 4-

JIx - Jx-1>0  [x>1

Két hop PKXD ta col<x<4 va x#3

H

2<0 4
Taco\/_ 2<\/_ 1nen\/; 2<0kh|{[ < {X< &l<x<4,

Vay M >1 khi ©1<x<4 va x#3

(PE THI CHON HSG TINH BAC NINH Nim hoc 2017 — 2018)

Jx+2«/ﬁ+\/x—2m

x4 2% -1 —x—2dx -1
Loi giai

\/x—1+2x/H+l+\/x—l—2x/Q+1 \/E[\/(\/EJJ)ZJF\/( x—1—1)2j

P: =
J2x—1422x—1+1-+/2x—1-242x-1+1 \/( /_2x—1+1)2—\/( 2X_1_1)2
V2
V2. (Vx=1+1+x-1-1 Jx—1
= ( ):\/52 X 1=\/§.\/X—1.
V2x-1+1-4/2x-1+1 2
(CHON HSG TiNH BEN TRE NAM HOQC 2017 — 2018)

B (s
2J2 443446 242 -+/3-

Léi giai

RUt gon biéu thuc: P = VoI x>2.

R0t gon biéu thic: A=

\/5(34-\/5) N \/5(3—«/5)
2\2 +43+46 242 -+/3-
C2f3eB) 2(6vB) (1) ()
4+\/6+2\/_ 4-\6-25 4+\/(«f+1) 4—\/(\6—1)2

_(J§+1)2+(*/§—1)2 VB+1 5-1_2V5
- 5+5  5-45 5 5 b

(PE THI CHQON HOQC SINH GIOI HUYEN BA THUGC - NAM 2019)

2 2x+1 _4
Chobiéuthfrc:Pz( x+1  x ](x—x—j,vc’rixzmx;to.

Taco: A=

=2.

XX +1 x—/x+1 Ix =2

a) Rut gon biéu thuc P .
b) Tim céc gi4 tri cua X dé Pvx-1<0
Loi giai
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4 P 2x+1 Jx . x—4j
x\&+1 x—\&+1

o | 2041 x x(Vx-2) x4

_(&)3+1 x—x+1[| Jx-2  x-2

P= 2x -1 WX (X\/;—ZX—X+4]
(\/;—1)(x—\/§+1) x—/x +1 Jx =2

o 2x+1-x (VX -1) )[ x(vx-2)-(x-4)
(\/;—1)(X—\/;+1) Jx =2

p_ Xx—/x +1 X(\/;—Z)—(X—4)
(Vx=1)(x-+x+1) Jx -2

o1 (&—2)(x—\/§—2)

x4t (\/;_2)

o 1 .(«/§+1)(\/§—2)

(Vx+1) 1

P=/x-2

Jx-2<0  [x<4
o i = =

Vay véi 1< x<4 thi PA/x-1<0,
(PE THI CHON HSG TIiNH BINH THUAN _ NAM HQC 2017-2018)

. 21X 3x 24X 3(x—1)} .
Cho biéu thirc: Q =+/25x :{ - + voi Xx#1 va x>0,
xdx+l X x-1

a) RUt gon biéu thic Q..
b) Tim X dé biéu thirc Q nhan gia tri nguyén.

Loi gii
a) V6i Xx#1 va x>0 taco:

Qzﬁz{x’fkfl—sxf/éﬁﬁgiﬂ =5&:[&(\/?+1)—(3&+2)+3(&+1)}

:5\/;1(X+\/;—3\/;—2+3\/;+3) :5\/;:(x+ x+l) :—5\/;

X+A/X+1

b) Tim X dé biéu thikc Q nhén gia tri nguyén.
Dé thay Q > 0.

Phwong trinh sau ¢6 nghiém x>0, x=1,
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5/x

Q=——F7— C>Q-X+(Q—5)-\/;+Q=0 c6 nghiém x>0, x>1.

x+\/;+1

< Q.y*+(Q-5).y+Q=0 c6nghiem y>0, y =1,

=(Q-5)" -4Q*=(3Q-5)(-Q-5)>0 <:>—5£Q£§.

I\/Iz‘a{Q nén {Q .
Q>0 Q=2

Véi Q=1 tim duoc X =7+4+/3 (Théa man).
Véi Q =2 phuong trinh vo nghiém.
(PE THI CHON HSG DAKLAK - NAM HOQC 2017-2018)

X—3+2Ux+4x+4 _ 2017

Tim x sao cho P =

Rt gon biéu thirc P =

X+3VX +2 ' 2018
Loi gidi
Ta co:
_x=3+2yx+4x+4 X~ 3+2\/ */_+2 x—3+2(vx+2)
X+3VX +2 X+3VX +2 ([+1)(I+2)

eafin ()
(\/;+1)(\/;+2) (\/;+1>(\/§+2)_\/;+2'

2017 ﬁ +1 2017
2018 J’ x+2 2018
(PE SINH GIOI Lép 9 CAP HUYEN Niim hoc 2010 — 2011)
Rt gon cac biéu thirc sau:

2+\/5 J24
a. (3v2-2,/3)(3V2+2,3) b. N

¢, (124 2414+ 2918 —12+ 2AD) (WAL VI3) ¢, SN X4 COSX

1+ cotgx 1 +tgx

Mit khac P = & X =2016 < x=20162 .

Loi giai
a.
(3V2-2,3)(3V2+2,3) =9.2-4.3
=18-12=6
\/_+\/5 V24 2 +43- \/_ NG 9

2 23 23
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(V12 + 2414 + 2413 — 12+ 2411 (V11 +13)
o = (124213 +2 —12+ 2{11) (V11 ++13)

= (V13 +1-V11-1)(V11++13)

= (V13 -\11)(\13++/11) =13-11=2

sin’x  €osx sin®x c0s°X
+ -1=— +— -1
1+cotgx 1+tgx SINX +COSX ~ SINX + COSX

_ (sinx +cosx)(sin’x - Sinxcosx + cos’x)
SiNX + CoSX
(KI THI CHON HQC SINH GIOI LOP 9 CAP HUYEN N:iim hoc 2010 — 2011)

2
P ()
Cho biéu thizc P = ( :
FF Ry B
a. Rut gon P.
b. Tinh gia tri caa bidu thic P khi x =5-2/6 : y=5+26
c. Chiing minh: 0<P <1

—1=1-sinxcosx -1 = —Sinxcosx

Lo gii
a. (PKXb: x' y;x>0;y>0)
_ P (X)
ff o T ey
o xeye ey
P_g&ﬁ NENTR T
x+y+2\/_y x-y-Jxy  x+y
Ix+4Jy X+ y-fxy
S5 ey
Ny T
o XY
X+ y-/xy
bvéi{x:5-2£=(ﬁ—ﬁ)zzx:ﬁ—ﬁ
. y=5+26 =(\3+v2)? = x=3+2

JW3- V2) 3+ 2)
"3 2+ B2 (B N2+ 2)
1 2J§+1 203+ 1

2f1 12- 1 11

P=

Thay vao biéu thirc ta duoc:

P=

C.
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V0’|x>0y>05uyra\/—y>0vax+y\/_ (x- —\/_)+ ﬁ>0b P>0

(-5) = 08 sy = b e
X+

y- Xy
(D& thi HSG 9 tinh Dién Bién 2018-2019)

. Jx [ 1 2 j
1. Cho biéu thuc: P =|1+ — -1
O piet e ( X+1)(Vx=1 xJx+x—x-1

a) Rat gon biéu thuc P.

b) Tim x @& Q =~/X—P nhan gia tri nguyén.

2. Cho (x+ x2+1)(2y+1/4y2+1)=1.Tinh gid tri biéu thuc X*+8y° +20109.

Léi giai:
1. DPKXD: X=0, x#1.
N JX 1 2
a) Taco: P= (1+X+1J (\/_ 1 X\/_+\/§ v :J -1.
x+1+\/§ 2 1
X+1 JIx -1 J_(x+1) (X+1)
[x+1+ﬁ 1 2 4
X+1 Jx-1 (x+1)(J— 1)

6
)

{HXl:lﬁMxrlﬂfz 1] (HXl:l[M X+1(Jl? 1)}_1
(

(xmq

X+1

ﬁ+] [x+1+\/_] x+1
J_+1

X+1 X+1

_x+1+J— 1_x+1+\/—\/_1 X
Jx+1 Jx+1 Jx+1

O e P X _X+X=x_ X 1
b) Tacd: Q=X —P=Vx X410 X+l x4+l =1 X +1
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péQell thiliVx+ls /x+1=1 (TM) < x=0.

X+1=-1(KTM)
Vay Xx=0=0Q e[J.
2. Xét bidu thic: VXE+1>1Vx,
DAu "=" xay ra khi va chi khi x = 0.
Voix=0 = Xx+x*+1=1(1)

Tuong tu: 2Y++/4y’+1=1khi y=0 (2)

Tu (1) va (2) :>(x+\/x2 +1)(2y+,/4y2 +1)=1<:> x=y=0.
Vi X=y=0=x*+8y*+2019 =20109.
vay X*+8y°+2019 =20109.

(Dé thi HSG 9 huyén Hoai Nhon 2018-2019)
2

1 1
JV2+1-11 W2 +1+1
b) Cho x=§/3+ 2ﬁ+3/3—2ﬁ va y:§/17+12\/§+€/17—2ﬁ . Tinh gié tri caa biéu thic:
C=x"+y’=3(x+y)+2018.

2018

a) Cho x= . Tinh gié tri caa biéu thic B = (1—2x+ X% +x3— x“)

Loi giai
2 2

a) Taco: x= = 5 =2 Thay x=+/2 vao biéu

1 1
W2+1-11 V2+1+1 (Jﬁ+1—1)(\/ﬁ+1 +1)
thire, ta duoc:
o [1-az-(2) + (2 ()
b) Taco :

3
X :(%/3+2ﬁ+%/3—2ﬁ) =34 242 +3x+3-242 =6+ 3x.

2018

=(1-2v2Z+2+22-4) =(-1) =1,

3
y? (%/17+12ﬁ+%/17—2ﬁ) —17 41242 +3y+17 1242 =34+ 3y |

Cong vé theo vé ta dugc: X° +Y° =40+3x+3y < x° +y* —3(Xx+y)+2018=2058 ,

Vay C =2058 khi x =33+ 22 +33-242 va y=317+1242 + 17242 .
(D¢ thi HSG 9 huyén Thach Ha 2018-2019)
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1. Tinh gié tr bicu thic A=(4+15)(v10-v6)y/4-15

2. Tim diéu kién xac dinh cua céc biéu thuc sau:

\ 2018 N - 2019
VX*=2x-3 X—~/2X+3
Loi giai

1. Ta céA:(4+x/1_5)(\/1_0—\/6)\/4—«/1_5 =\/4+«/1_5(\/4+\/1_5\/4—\/1_5).(\/1_0—\/5)
A =4+15.142(\5 3] = 8+215. (5 3]
A=(B+3)(V5-+3)=5-3=2

Piéu kién xac dinh cia M 1a x> =2x-3>0

X+1>0 hos X+1<0
=
x=3>0 "% 1x=3<0

{x>3
=
x<-1

. 2x+3>0
2. biéu kién xac dinh cua N la

S X>2X+3>0 (*
X—+2X+3>0 )
2 2 X>3
S X >2X+3<= X -2x-3>0 < (**)
x<-1

Tir (*) va (**) ta duoc X >3 1a didu kién x4c dinh caa M

(D& thi HSG 9 huyén Thach Ha 2018-2019)

" 1 1 1 1 1 1
Tinh gié tri cua biéu thuc: B= 1+1—2+§+ 1+?+3—2+....+ 1

t———t—
2018 2019
Loi giai
T T pay o1
Theo cau 1) Taco P P e T (*)

Ap dung (*) ta co:
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11 11
R

Tuong ty = 3—2

Suy ra: B=2019— L

N
172

1 1 1 11

S P
SR A e

1 1

\/ 1 1 1
1+ >+ 5
20187 20197 1 2018 2019

4076360

2019

2019

(D2 thi HSG 9 huyén Kim Thanh)

1. Cho biéu thic: A= (

a, Rut gon biéu thuc A.

Xx+2 Jx L1 x-1
XX -1 x+x+1 1-x ) '

2

b, Chitng minh rang: 0 < A<2,

2. Cho biéu thuc:

VX2 X

51 —2<X<2 va Xx=0,

VX2 x

X+2

Tinh gié tri cua biéu thuc: 2"

Loi giai

1.a, Taco: x=0,x=1. Khi do:

2

x\/_1x+\/_+1l\/_
x—2J§+l

A—[ X+2

Jx 1]flx+2+x\&x«f1
2 (e

2 2

_(ﬁ—l)(x+ X+l).\/;—1= X++/X+1

b, Vi x>0,x#1 taluébncd A>0

Lai co: x+ﬁ+121:#£2 hay A<2,

Vay: 0<A<2,

2. Ap dung tinh chét: %

<
d

X+/X+1

a-b c-d

= ——=—-—.Taco:

a+b c+d

VR TK_ 22K a1

rx—2—x 22rx 2+l

Tur gia thiét —2<x<2 suy ra:
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—2‘X>o:»2‘x=(‘/§‘1j 22X _(3+242) = X+§ _17-122

2+ X 2+x | 241 24 x

(D2 thi chen HSG 9 Bic Tir Liém 2018-2019)
1. Cho biéu thtrc:

A \/G %) x+y+12\/_ G ZW)SIL%Jr%]:g\/;/—yV

a) Rut gon biéu thuc A.
b) Tinh gi4 tri ctia biéu thirc Akhi x = 3+/5;y=3-+/5

. a— b b— c c—a c a b
2. Cho 2 biéu thuc: P= Q= + + voi a,b,c#0 thoa man:
c a a-b b-c c-a
a=b=c vaa’+b®+c®=3abc. Chimg mlnh rang: P.Q =9
Léi gidi

l.a) BPKXD: x>0;y>0;x#y

1.1 1 2 1 Vx-ly

A—\/[X jx+y+2\/7 ( \/_) ( \/7} xy\/7
X+Yy N 2(\/;+\/y) | xy\/@

xy(Vefy) (VXY ) (VXY ) VXY

_ x+y+2\/ﬁl xy\/W
xy(\&+f)2 Vx=y

1 xy\/— Xy
R CRCER
b) Véi x=3++5; y=3-5taco: x > y do do:
__ N
A_\/;_\/y 0
NS L) [(3+45)(s-5) | _

x+y—2\/ﬂ_(3+\/§)+(3_\/§)_2\/32_(\/§)2 6-22
Viy A=8=22

2.Taco: a®+b®+c®=3abc= a’*+b®+c®*—3abc=0

& (a+b+c)(a*+b*+c’—ab—ac—bc)=0 (1)
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Ma a?+b? +02—ab—ac—bc:%[(a—b)2+(b—c)2+(c—a)2];t0 (Do a=b=c)

Do d6: (1) < a+b+c=0=a+b=-cja+c=-b;b+c=-a (2)

Mat khéc:
P=a—b+b—c+c—a=ab(b—a)+bc(b—c)+ac(c—a)
C a b abc
B ab(a—b)+b’c—bc’ +ac’—a’*c (a—b)(b—c)(a—c) 3
abc abc
Hon nira:
a-b=z X—y=a+b-2c=-3c
batib—-c=x Tacoé: <y—z=b+c—-2a=-3a (do (2))
c—a=y z-x=a+c—-2b=-3b
Vi thé:

Q- c ..a b 1 X-y_ y-z z-X
a-b b-c c-a 3\ z X y

_ 1 (x-y).(y-2).x-2)
3 XyZ

(Bién d6i tuong ty rut gon P)

_ 1 (3c).(-38)[-(=3Db)]
3 (a-h).(b—c).(c-a)

3 —9abc
" (a-b).(b—c).(c-a)

(4)

(a—Db).(b—c).(a-c) —9abc 3
abc ‘(a-h).(b—-c).(c—a)

Tu (3), (4) taco: P.Q=

Viy PQ = 9

(Dé thi chon HSG 2018-2019)

2@}.( 1 yNE

a+l) (1+4Ja aJa+sa+a+l

Cho biéu thuc: A:{l— j,véi a>0.

1. RGt gon biéu thic A
2. Thinh gié tri cua biéu thic A khi a =2010—2+/2009 .

Loi giai
1. bBiéu kién a=0. Taco:
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[, 2a 1 2./a
A_[l_a+1j [1+\/_ ava + a+a+1}

_a-2Va+l [ 1 2\/a
a+l 1+4Ja (a+1)@a+a)

(Va-1f . a+1-2/a

T a+l (a+D@++a)

_Wa-1f@+nasva) -
(a+1)(a-1)2 '

2. a=2010-2y/2009 =(~/2019 —1)2

— A= 1+4/(~2009 -1)* = /2009 .

(D2 thi HSG 9 huyén Ba Pinh 2016-2017)
x&—1+x&+1_4 1
Ix -1 1+4x X%

Cho biéu thuc A =(

a) Rut gon A.

b) Tinh gié tri bidu thirc A khi X =(J2+J§ —\/2—\/5)(\/3+\/§ _\3-

Loi giai
a) Vai x>0,x=1, taco:
A:(x+ x+1+x—\/;+1—4).;—2

Vx(Vx-1)

(J2+I V23 (V345 -3 |
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(-

:(\/§+1 \/5—1](\/§+1_«/§—1}

2 2 V2
_ﬁlﬁ_
Thay X =2 vao A ta dugc A=42.

(P& thi HSG 9 huyén Ba Dinh 2017-2018)
Rt gon céc biéu thire sau:

A=+/29+12/5 2316 +85

B a+\/a2—b2_a—\/a2—b2
a—+va’-b? a++a’-b?

4 2|2
J:\/a gza b (voi a#0;b=0;]al>b| )

Loi giai

A=+/29+12/5 2316 +85

A=1(3+25)> —3/128+ 6445

A=1/3+245)* - Y(2+25)°

A=(3+25)-(2+2+/5)

A=1

B a+\/a2—b2_a—\/a2—b2 Jat —a%?
a—a?-b? a+ai-b?2) b’

(a+\/a2—b2 )2—(<';1—\/a2—b2 )2 Jat—al?

(véi a=0;b=0;lal>|b| )

B= :

(a+\/a2—b2)(a—x/a2—b2) b’

a’+2ava’-b? +a’—b*—a’+2ava’—b* —a’ +b? a’(a*-b%)
B= ; ; dola| > b

a’-(a’-b’) b
_4aya’-b’ b?
b*  |a/(@®-b?)

g2

al

VayB =4 néu a>0 hoic B=—-4 néu a<0.

(Pé thi HSG 9 tinh Thanh Héa 2018-2019)
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Cho a=37++/50, b=37-/50 . Khéng dung méy tinh, hay chiing minh c4c biéu thirc
M =a+b va M =a’®+b’co gia tri déu 1a s chan.
Loi gidi

(D@ thi HSG 9 tinh Thanh Héa 2014-2015)
Chung minh biéu thie sau khéng phu thudc vao gié tri cua x:

_ Bx—(x+6)}Vx-3 3 1
T 2(x—4X +3)2-VX) —2x+10Vx-12 3x-x-2 °

Pidukienx >0, x # 4;x # 9;x # 1
Loi gidi
_ Bx—(x+6)}x-3 3 1
2(x—4VX +3)(2-VX) —2x+10Jx-12 3Jx-x-2

6X— (x+6)J_ 3 3

T 22-VOWX-3)Wx-1) 2(x-3)2—+x) (@2-x )(f 1)

Dox20;x#1L;x#4;x#9

Ao Bx- (X +6)vXx —3-3(/x =1) = 2(+/x —3)
2(vx —1)(x =3)(2—+/x)

_ 6x- XX — 64X —3-3VX +3-2x + 6
2(\x =) (x =3)(2—/x)

_ (2x=6v%) —2(v/x =3) = x(+/x = 3) + Vx (/x -3)
2(x —)(x =3)(2—+/x)

_ (- -3)2-x) _ 1 _
22X =DWx=3)2-x) 2 e

(Pé thi HSG 9 tinh Thanh Héa 2014-2015)

R0t gon biéu thic: B = 2+3 2-3
(6] € u =
V22t 2-2-va
Loi giai
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B 2+3 2-J3 2443 2-3

2 2idai2f3 2o 23 3B 33

B (2+V3)3-V3)+(B3+V3)(2-+3) _ 3+3+3-3
N (3++/3)(3-+/3) B 6

=1 =>B=42

S

(Pé thi HSG 9 tinh Thanh Héa 2015-2016)
XX = 2X — /X + 2 N XVX + 2X — /X =2

ChoP =
XX — 3x =2 XX — 33X +2

1. R4t gon P. Véi giatrinao cua x thi P> 1
2. Tim x nguy@n biét P dat gié tri nguyén 16n nhat
Loi gidi

1. Diéukiénx>0;x+# 1; 4

b= (X=X -DEx+D) | (x+2Wx-DEx+1)
(VX = 2)(v/x +1)? (X +2)(Vx —1)2

_ «/;—1+ Jx +1
Jx+1 Wx-1

_2(x+1)
T ox-1

2(x+1)>1<:> 2(x+1)_1>0<:> 2X+2—-x+1 >0
x—-1 x—1 x—-1

P>ls

3
@% >0 Theo d/k x> 0=> X +3 >0

= x-1>0=x>1
Két hop diéu kién x > 0; x# 1; 4
Suyrax>1;x#4thiP>1

2. P

S22 o sk 0ix£ L4
x—-1 x—-1

P nguyén < x— 1 la udc cua 4
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P dat gia tri nguyén Ion nhat < x—1=1 < x=2

Vay P dat gi4 trj 16n nhét bang 6 khi x = 2

(Pé thi HSG 9 tinh Thanh Héa 2015-2016)
2 1 -1
Cho bidu thirc: P =| = Jx X
xv/x —1 x+& 11 Ix )

Véix>0,x = 1.

a) Rat gon biéu thuc P.
: 2 2
b) Tim x dé P=7 :

¢) So sanh: P? va 2P.
Loi giai
a) Diéukién: x > 0,x # 1.

P_ X+2 Jx 1 ) Wx-1
_x\/_lx+\/;+11\/_ 2

x+2 Jx 1 | Jx-1

_1 X+\/;+1 Jx - 1. 2

x+2+\/_(\/_ - (x+\/_+1) Jx-1
(o) 2
o x=2dx+1 2

- (Vx=1)(x+x+1) Vx-1

2
- x+\/§+l

b) Véix > 0,x # 1. Taco:
2

p==<
=

2 2
X+ x+1:7
o XX +1=7
& x+x-6=0
= (x-2)(x+3)=0

=

Vi VX +3>0 nén x-2=0< x=4(t/m)
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VayP:%khix:4

¢) Vix=0= x+/x+1>1

2
S0<——<2
x+\/§+1

<0<P<L2
< P(P-2)<0
< P?-2P<0
< PP<2P

Diu“="xayrakhiP=2 &x=0

Vay P2 < 2P

(P& thi HSG 9 quin Ba Pinh 2016-2017)

Tim s6 thuc x dé biéu thirc §/1+ Ix + %/1— X 1ash nguyén.
Loi gidi

Pat M= 14X +31-+x (x20)

2 2
Tacé M3=2+3(%/1+&) %/1—&+3%/1+&(€/1—&) _213MY-X <243M (Vi
J1-x <1 Vx=0)

= M*-3M-2<0
& (M+1)(M*-M-2)<0

& (M+1) (M-2)<0
{M=—1
=
M <2
Cla=31+Ux
bit
b=31-+/x

+)Véi M=-1 taco {

(a>1,b<1)

a+b=-1 a=-1-b
a*+b =2 |—(1+30+30% +b°)+b° =2

a=-1-b o i
4, = h¢ v0 nghiém
b*+b+1=0
+H)V6i M<2ea+b<2< (a+h)’ <8< a’+b*+3ab(a+b)<8
oab(a+b)<2<ab(a+b)<a’+b* < (a+b)(a-b) >0
a=>b
=
a+b>0
Néua=bo2a®=2a=1<x=0
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Néu a+b>0=0<M=<2.Vvi M nguyénnén M={0;1,2}

a+b=0 a=-b .
e M=0=> & = h¢ v0 nghiém
a®+b*=2 0=2
a+b=1 a=1-b a=1-b
¢ M:1:> 3 3 = 2 2 = 2 2 2
a*+b°=2 a‘—ab+b° =2 1-2b+b“—b+b°+b°=2
[ 3-y2;1
6
R b_3+Jﬂ
a=1-b 6
=
3b% —3b-1=0 34421
a=
6
a=1- b
,_ 321
| 6
I Y
Két hop diéu kién ta duoc = S X=— (TM)
3-4/21 9-2421 27
b= 1-x =
6
a+b=2 a=2-b 4-4b+b*-2b+b%*+b* =1
e M=2&
ad+b*=2 a’—ab+b?=1 a=2-b

b=1
<:>{ < x=0(TM)
a=1

. 28 A A 1xi. g
Vay voi X =0 hodc X = 7 thoa man yéu cau bai toan.

(Pé thi HSG 9 quin Ba Pinh 2017-2018)
Tim tt ca cac sb nguyén x dé v/x+19 ; v2x+10 ; +/3x+13; V/4x+37 déu 1a s6 nguyén
Loi giai

. 13
biéu kién: X = 3

a=x+19>0 a’=x+19
{b=M20©{b2=4x+37
= 4a% —b? =39
& (2a—b)(2a+b) =39
Do a,beZ;a,b>0;2a-b<2a+b

2a-b=1 a=10 | [10?=x+19
{2a+b=39 {b:19 {1924x+37:{x81

& =
2a—b=3 a=4 4% = x+19 X=-3
2a+b=13 b=5 52 — 4x+37

Véi x=81 ta co
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Jx+19 =\/ﬁ =10

J2x+10 =+/172 khong théa man
J3x+13=+/256 =16

J4x+37 =4/361=19

Vé6ix=-3taco

JXx+19 =+/16 = 4

J2x+10 =4 =2

Bx+13=+1=1

J4x+37 =25 =5

Vay x=- 3 thi VX419 ; +/2x+10 ; +/3x+13; +J4x+37 déu 1a s6 nguyén
(P& thi HSG NGHE AN 2019-2020)
Cho ham s6 T(X) = (x> +12x —31)*"°

Tinh f(a) tai a = Y16 -85 + 316 +85

Loi giai

a=316-85 +316+85

— a° =32+3/(16 —8/5)(16 +8v5).(16 —8+5 + 16 +8+5)
— a®=32+3.(-4).a

—a’=32-12a

—a’+12a-32=0

= a*+12a-31=1

= f(a)=1"" =1

(Pé thi HSG 9 THACH HA 2018-2019)

Tinh gid tr bidu thic A=(4++15)(v10 -6 )4-+15
Loi gidi

Ta cA=(4+15)(VI0 -8 a5 4+ 5 o+ 54~ Ji5 | (450 - 6

A=14+15.14/2(5 - /3) =8+ 2V15 (V5 -+3)
A=(\5+3)(\5-\B)=5-3=2

(Dé thi HSG 9 THACH HA 2018-2019)
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Tim diéu kién xac dinh cua cac biéu thirc sau:

\ 2018 N = 2019
VX*—2x-3 X—~/2X+3
Loi giai

Diéu kién xac dinh cua M 1a X* =2x-3>0

< (x+D)(x-3>0

{x+1>0 {x+1<0
= hoac

Xx—3>0 Xx—3<0
{x>3
=
Xx<-1
2X+3>0
biéu kién xac dinh cua N 1a & Xx>2x+3>0 (*
) ) { —J2x+3>0 ®)

2 2 _ >3 ek
S X >2X+3e X -2Xx-3>0 < (**)
x<-1

Tir (%) va (*%) ta duoc X >3 1a didu kién xéc dinh caa M

(Pé thi HSG 9 THACH HA 2018-2019)

inh i tri caa bidu tht \/1+1+i+\/1+i+£+ +\/1+i+L
Tinh gi& tri caa biéu thic: B = 2 g2 gz 20182 20192

Loi giai
Th AU a) Ta cd 1+1+1 1 1+1 1+1 *)
eocaua)Tacod | —S+—+—=|— -
a? b> ¢® |la b ¢l |]a b a+b

Ap dung (*) ta co:

L1 111 p1o1)111 11
1 —_——— "t =-4 -4 — - ___>0
J+12+22 \/12+12+(—2)2 ‘1+1+(—2)‘ 11 2( 112 )

/ 1
Tuong tu 1+—2+—2 } EE —2+—2 - ___._'__
2 3 l 2 3’ 1 ’

J 1 1 1 1 1
1+ >+ > =<+ -
2018% 2019° 1 2018 2019
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1 4076360

Suy ra B=2019— =
2019 2019

(P& thi HSG 9 BINH PINH 2016-2017)
2m+\/16m+6+\/ﬁ—2+ 3
m+2dm-3  Jm-1 Jm+3

Cho biéu thtrc: P = -2

a) Rat gon P.
b) Tim gié tri tu nhién cia m dé P 1a sb tu nhién.
Loi gidi

m+1
Rat gon duoc P = il (v6im > 0,m # 1)
Jm -1

poVm+1 2
Jm -1 Jm -1
) 2
Taco:P e N Qﬂ 1eN & /m -1 1a uée duong ctia 2 = m e {4; 9} (TMPK)

Vay m = 4; m = 9 la gia tri can tim.

(Pé thi HSG 9 THANH HOA 2017 - 2018)

x—2\/§+ Jx +1 +1+2x—2&
XX =1 XX+ x+/x x2 —/x

tim tat ca cac gia tri cua X sao cho gia tri caa P 1a mot s6 nguyén.

1. Cho biéu thac P = ,voi Xx>0,x#1. Rit gon P va

2. Tinh aid tr ci bidu thirc P = FXTDX" -2 +2x41 L 3
. 1 Cu c ul = a = - .
giatn 2x% + 3 ' 2J3-2 2J3+2

Loi giai

1. Véi diéu kien x>0,x =1,
X — 24/ . Jx +1 . 2% — 24/x +1
(ﬁ—l)(x+ x+1) \/;(x+\/§+l) \/;(ﬁ—l)(x+ x+1)

) &(x—2&)+(&+1)(&—1)+2x—2&+1
\/;(\/;—1)(X+\/;+1)

R
- \/;(\/;—1)(x+\/§+1)

taco:P=
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(V)] o
(\/;—1)(X+ x+1) x+/x+1

Ta c6 Vi didu kienX >0, X #1= X+~/X +1>/x +1>1

=0<P= \/§+2 <\/;+2:1+ 1 <2
x+\/§+1 \/;+1 «/;+1
\/§+2

DoP nguyénnénsuyra P=1< —=—=1< x=1 (loai).
X+/X +1

Vay khdng c6 gia tri cia x dé P nhan gia tri nguyén.

-

Chu y 1:C6 thé 1am theo céch sau

\/;+2

P=—""% < Px+(P-1)Vx+P-2=0, coi day la phuong trinh bic hai cia v/x .
x+\&+1

Néu P=0=>—/Xx-2=0 vo Ii, suy ra P=0 nén d& ton tai X thi phuong trinh trén c6

A=(P-1)-4P(P-2)>0 < -3P?+6P+1>0 < P2—2P+1£%<:>(P—1)2sg

Do P nguyén nén (P -1)° bing 0 hozc 1

+) Néu (P—1)° =0 P =1< x=1 khong théa mén.

, P=2
+) Néu (P-1)° :1<:{ = P =2 2x++/x =0 x=0 khong thoa mén

Vay khong c6 gié tri nao cua x thoa mén.

2. Tinh gia tri cia biéu thic :

4(x+l)x2°18—2x2°”+2x+1t . \/ 1 3
= al = — .
2x% +3X : 2J3-2 2J3+2
. \/ 1 3 J3-1
Vi X= - =
2J3-2 23+2 2

_1 .
nén x= \/52 la nghiém cua da thae 2x* +2x-1.

2x (2x% +2x—1)+ 2x+1
Do d6 P = ( ) _2x+l 4

(2x2+2x—1)+x+1 Xx+1

(Pé thi HSG 9 TINH AN GIANG 2017-2018)
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B N A TR T

Cho biéu thic P = (

1 j[2x+\/_ -1 2x\/§+x Jx

Jvéix>0,x¢1,x¢%

4
Tinh gia tri cua P tai x=ﬁ(\/3+\/§+\/3—\/§)

Loi giai
a) Taco P= ( j(zxz\/; 1 ZX\ﬁ;i(/_\/_]
[ 1+ J_+1 -1) \/_(&+1)(2\/§—1)
1+f (1+\/§)(x—\/§+1)
~ 2f1 _ ~ 1. Jx
—_&(1_&)_-(2f )(1—& flﬂ
| 2dx-1 _— 2x -1
) [
X=X +1
Tk
Lai co
4
x=ﬁ(\/3+\@+\/3—x@)
R e RS
= N N
. 4-J4+1 3
Vay P = \/Z :E

(Pé thi HSG 9 TINH BEN TRE - 2017-2018)
Rt gon biéu thuc: A= + .
22 +4/3+/5 242 -4/3-+5

Léi giai

B(s+36)  a(s-5)
242 ++4/3+5  242-43-+5

Taco: A=
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2(3++5) . 2(3-+5) ) J_+1)2 (J%—l)z
+25 4-6-25 4, «/ 5+1 - (Jé—l)2

(5+1) (1) (Ba1 JB-1_246

= + =2.

55 545 5 5 5

(DPé thi HSG 9 TINH BAC NINH 2017-2018)
\/x+2\/ +\/x 2% — > 9
\/x+\/2x \/x— J2x-1

Loi giai

R0t gon biéu thue: P =

UX- 1+ 20X 1+ 14 4x- 1- 2Jx- 1+1  _ \Eg\/(er 1) + \/( - 1-1)

QH-|-|O:

P=

\/ZX- 1+ 242x- 1+ l\-/_\/Zx- 1- 22x- 1+1 ) \/(m+ 1)2_ \/(m 1)2
2

V2. (Vx- 1414 x-1- 1) Bogxo 1
S2x- 1+1- 2x- 1+1 2 V2ol 1.

(Pé thi HSG 9 HA HOA 2015 -2016 )
a) Cho f(x)=(x*+12x—-31)%".

Tinh T(2) voi a = 31685 + 316 +845 .

Léi giai

a=316-85 + 316 +85
— a° =32+3Y(16—85)(16 +8v5).(3/16 -85 + /16 +8/5)

< a®=32+3.(-4)a < a’=32-12a < a’+12a-32=0

< a’+12a-31=1= f(a)=1"" =1

(D& thi HSG 9 tinh Vinh Phiic 2017-2018)
Ja+2018 a-2018)+a+1
a+2a+l  a-1 | 2Ja

R0t gon biéu thic P :{

Loi giai
a>0

biéu kién: {
a=l
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o o_|va+2018  Ja-2018 |Ja+l
e {(\/5+1)2 (x/E—l)(«/EH)J 2Ja
(Va+2018)(va -1)-(va-2018)(vVa+1) 741
ey aR
22017\/a  Ja+1l 2017

(] (fa-t) 2

(Pé thi HSG 9 tinh Vinh Phic 2017-2018)
2
Cho ba s6 thuc duong X, Y,z thoa man X+y=(\/§+\/§—\/;) ,\/;Jr\/yi\/g
2
(V2] ke
y+(Jy—z) Y-z

Léi giai

va Y # Z . Chimg minh dang thirc

2

e OO () oy ()
R N |
_(ealy =) Na)e (i) (fid)(2fiy-242)
(2N Y V) (Y VD) (WY V) (VY V(2 2y —24k)
_x-vz
e

(Pé thi HSG 9 tinh Bic Ninh 2017-2018)
X 20— +x— 2% —

\/x+ J2x-1 \/x— J2x-1
L0’1 gidi

oo VX126 141 x- 1- 20k 141 ﬁ@(m* 1) + \/(«/ﬁ 1)

J2x- 1+ 242x- 1+ 1\-/_\/2x- 1- 242x- 1+1 \/(er - \/(m 5
2

B e Gty IRV XX S W e S

J2x- 1+1- {2x- 1+1 2
(Pé thi HSG 9 tinh Bén Tre 2017-2018)

o (enE) ()
Ut gon biéu thirc: _2ﬁ+\/3+7x5 Zﬁ—m'

Loi Giai

Rut gon biéu thirc: P = véi X2,

QH-|-|O:
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2(3+J§) 2(3-+5) i

1)

(\/§+1) N (
4+46+25 46246 4+ (V5 1) a-
(V5 +1) (ﬁ—l)z J5+1 B-1_2(5

= + =2.

J5+5 5.6 5 5 5

(D& thi HSG 9 tinh Hai Duong 2017-2018)

2./x + x o0z Jx+2 0

RﬁtgonbiéuthtrcA=§X\/—_l \/_ lgél R 1_V01X
Loi Giai
ae2\/_+x 1 o= Jx+2 0
A= & el —F——=v >0 1 taco:
sx x- 1 Jx- 15 X+ Jx+ 15 oi X* Ova x aco
A:%e 2/x + x X+ /x+ 1%_?“ Jx+ 1- (\/§+ 2)%
g( x- 1)(x+ Vx+ 1) Jx- 1§ x+ Jx+ 1 :
aeb e S e Jx- 28
g(\/;- 1)(x+ x+1)§§ X+ Jx+ 1 %
zAz?\3 1 ng-l- \/;-I- 19: 1

Vay voi X20 va x#1 tacé A=
(Pé thi HSG 9 tinh Ha Nam 2017 - 2018)

23 (V2 /2 -/ ) /3 (24a-/3)-2ava

Cho biéu thirc M =
e av/2 ++/3ab
a) Tim diéu kién cua a va b dé M xac dinh va rat gon M.
b) Tinh gia tri caa M khi a = 1+3\f b=10+ 11\/_
Lo1 giai
22 (Va ++2a -3 )+ 30 (2a - 30 ) - 2aa
a) M=
) a2 ++/3ab
. a,b>0 a>0
bK xac dinh cua M: =
az0 b>0

2a(Va+y2a-3b)+« /3 (2a-J3)-2a/a
B a2 ++/3ab
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_2a-3 _ (J2a+3b)(v2a-+/3b) 2a-3b
Cav2+y3ab  Ja(W2a+v3) 0 a

b) Tacé M =2 - \vaa 14342, b=10+ 113[

3 _30+2242 _ (30+2242)(3v2-1) _102+68v2

a  1+3V2  @1+32)@V2-1) 17

Vay E#W:w/(mﬁ)z =2+2

Trdo M =+2-(2+2)=-2

(Pé thi HSG 9 tinh Hai Dwong 2017 - 2018)

2 2
- J 1
ChoA=" X | XX Rt gon B=1-v2A-4/x+1 v4i 0<x<=

X+ X+1 x—\&+1

SN

Loi giai
Taco

A= X2_\/; n X2+\/; =\/;(X X+1)+\/;<x\/;+1)

X+X+1 x=v/x+1  x+x+1 X—/x+1
(4R -2) e (4 41)=2x
B=1-2A-4x+1 :1—\/4x—4\/;+1:1—‘2\/;—1‘:2\/;(03xs%j

(Thi THPT Chuyén- TP HCM nim hoc 2010- 2011)

J7+6 +7-45 3202

Thu gon biéu thic: A=

7+2411
Giai:
xotm =375 T
J7+2411
TacoM>0va MZ:M:Z ,suy raM =+/2
7+211

A= M- V3-242 = V2 (/2 -1)=1

(Thi HSG cap TP Thanh Héa nim hoc 2016- 2017)
- X+ 2 Jx 1 ) Wx-1
Cho biéu thuc: P =
x/X — 1 X+ Jx 11 Ix )2

184. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén
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a) Rat gon biéu thuc P.
. 2
b) Timxde P=—.
7
¢) So sanh: P? va 2P.

Giai:
a) bieu kién: x > 0, x # 1.

P—( X+2 Jx L1 }_\/;—1_ X+2 | W1 | xt
xfx—1 x#fx+1 1= ) 2 (\/;)3_1 x+4/x+1 x-1] 2

:x+2+&(&—1)—(x+\&+1)_\&—1: X— 24X +1 2 _ 2
(\/;—1)(x+ x+1) -2 (\/;—1)(x+\/§+1)'\/§—1 X+/X+1

b) Véix > 0, x # 1. Tacé:

p_2

7
2 2
X+Xx+1 7
<:>x+\/§+1:7
<:>x+\/§—6:0
& (Wx-2)(x+3)=0

N

Vi VX +3>0 nen \/§—2:O<:>x:4(t/m)

VayP=;khix:4
QVix20:>x+J§+121

e 0<— 2 <2
X+ X+1

<0<P<2
< P(P-2)<0
< P?-2P<0
< P?2<2P
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Diu “="xay rakhiP=2 < x=0

Vay P2 < 2P
(Thi chuyén tinh Hoa Binh nam hoc 2013- 2014)
al Rt gon bidu thic P = (‘/;‘2 x+2 1= Xy,

x—1 x+2&+1)'( J2

L x*+1
b/ Tim gia tri X nguyén dé biéu thuc M =

nhan gia tri nguyén.

Giai:

a) DK: x=0,x=1

Ix-2 Ix+2 | @-x)?
W -DEx+) (x)? ] 2

20k Wx=1’(x+1)
T A A R

2
b) TacdO M =x+1+——
x-1

M nhan gia tri nguyén < X-1 1a udc cua 2

Xx=0
-1=41 X=2

= = .KL...
X=1=+42 X=3
X=-1

(Thi chuyén To4n tinh Hoa Binh nam hoc 2015- 2016)
1) Tl'nh gia tri cua cac biéu thic sau:
8 15
3+ \/— 1+ \/— \/—
0)B = N2 + 22 —1 42 — 2442 -1

2) R0t gon biéu thuc:

a’-Ja a’++a

a-+ a+1 a-— \/5+1

a)A=

C= a+l

Gidi:
8 15 4(3-5) 8- J_) 15[
a) A 3+\/_ LETES 3 ” =3-6+2-2J5+3/6=5
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b) B :\/*/E+2V\/§—1+\/\/§—2\/\/§—1 =\/(\/\/§—1+1)2 +\/(\/E—1)2
V21414142 -1=2

c)bKa=0
:\/a[(\/g) _1}_\/5[(\/5) +l}+a+1:x/a(\/5—1)—\/5(\/a+1)+a+1
a++a+1 a—a+1

—a-va—a-Ja+a+l=(Ja-1)?
(D¢ thi HSG 9 huyén Kim Thanh 2019-2020)

X —x 2x+\/§+ 2(x-1)
x+\/§+1 \/§ \/§—1

1) Rat gon biéu thuc: P =

(x>0;x=1)

2) Cho x va y la hai s6 thoa man: (X—\/x2+5)(y—w/y2 +5):5. Hay tinh gié tri cua biéu thuc

M = x27 4 y2017
Loi gidi
1)P:&(&—1)(x+ x1) V(21 2(dx-1)(Vx+)
X+/x +1 Jx Tx1

:&(ﬁ—l)—(2&+1)+2(&+1)
= X—/x=2/x =1+ 24/x + 2
=X—/x+1

2) Nhan 2 vé caa (x—\/x2+5)(y—\/y2 +5)=5 (1) voi (xm/ﬁ) ta duoc:
(x+«/x2+5)(x—\/x2+5)(y—\/m)=5(x+\/E)

<:>[x2_(x2 +5)}(y_ﬁ):5(x+ﬁ)
<:>—5(y—ﬁ):5(x+\/E)

<:>y—\/y27+:—x—\/m (2)

Tuong tu nhan 2 vé cua (1) voi (y+\/y2+5) ta dugc: X—VX°+5=-y—y’+5 (3)

Cong vé voi vé cua (2) va (3) ta duoc:
Y=Y +5+X=X*+5=—X—X*+5-y—4/y*+5
©2x+2y=02(x+y)=0x+y=0c x=-y

2017 2017 __ 0

Vay M =x""+y

(Dé thi HSG 9 trwomg THCS Lwong Thé Vinh 2019-2020)
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Cho biéu thirc A={

x-9  x+2yx ( 1 1
X+240x -3 x+x=2 | Ix+1 x-1

. / 125 / 125
Tinh gia tri biéu thac khi x4[i/3+ 9+E+i/3_ 9+E}

Loi giai

jvéi X>0;x#1

Ta co:

A{ x-9 _X+2&M 1, 1 j
I x+2dx=3 x+/x=2 [ \Wx+1 Wx-1

AU TI5 L T
o) g e

s O o (F) i
x-1 Jx-1f

I Jx -1 2/x S Ux-1 24/x 20 WX
Co:
x=4] 3+ 0422 1= [0+ 12 | glar 9412 a5 o 12 X
27 27 27 21 4

X3

<:>—:6—§x<:>x3+80x—384=0<:>(x—4)(x2+4x+96)=0
64 4

Xx—4=0 x=4
<, = ) & X =4(tm)
X*+4x+96=0 |(x+2) +92=0(vn)

Thay X =4 ( tmdk) vao A, ta duoc: A:—g\/z+1: J

72 a
(D& thi HSG 9 Huyén Ha Trung 2008 - 2009)
R0t gon biéu thirc sau

a. \/8— 2415 — 8+ 2415

; 2\/3+ V5-+13+/48

V6 ++2

. sin®x_ cos’ x
"7 1+cotgx 1+tgx

Loi giai

a. B 2415 — 8+ 2415 = (/5 -V3)" — (5 +B)’

188. Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khong nén



=5-3-J5-3=-23
; 2J3+\/5—\/13+\/E _2\/3+\/5—,/(2\E+1)2

V6 ++2 B V6 ++/2
C231y5-203-1 2y3+y4-23
N N RN N )

C23+(V3-1)7  2y3+3-1 2¢/2+43 _ V244+243
 JB+V2 JB+2 B +v2 6442

_\/5(«/§+1)_1

J2(3/3+1)

; sin®x  cos’x _ . sin®x  cos’x _.  sin®x  cos’x

"7 1+cotgx 1+tgx 1. COSX 1+Sinx_ Sin X+C0SX  Sin X + COS X

sin X COS X

1 (sin X + cos x)(sin” X + Cos” X —sin X.COS X)
(sin X+ cosx)

= 1- (1-sinX.cosx)= Sinx.cosx

(D¢ thi HSG 9 Huyén Ha Trung 2008 - 2009)
A= X+2 Jx+1 1

= + —
xﬁ—l x+\/;+1 \/§—1

a. R0t gon biéu thic A
b. Tinh gia tri bidu thic A khi x=33-8+/2

: 1
c. Chang minh A<§

Loi giai
PKXD: x=>0; x #1

X+2 Ix+1 1 X+2+X-1-x—~/x—-1
A= + — =
xVx -1 X+4/x+1 Jx-1 (\/;—1)(X+\/;+1)

_ X — /X _ Ix(x 1) _ Jx
_(«/;—1)(x+«/§+1) (WX -D(x+/x+1)  x+/x+1

A khi x=33-8+/2

Tacax=33-8v2 =(4v2 1] =x=4J2-1
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A= 42 -1 4241
33-8vJ2 +442 -1+1 33-442

d. Chung minh A<%

XétA-lzL_1:3\/;—x—\/§—1:—(x—2\/;+1): —(Wx -1)?
3 x+4/x+1 3 3(x+/x+1) 3(x+x+1)  3(X++/x+1)

Do x=20:x#1—=>

[x-17 <0 :—_(&_1)2 <0
3(x++/x+1) >0 3(X+/x +1)

1 1
= A-—<0 o A<=
3 3

PE THI CHON HSG TINH PAC LAC NAM HQC 2016-2017
(a—l)\/a—1+1+ (a-1)va-1-1
Ja+2dJa-1 Ja-2va-1 '

Cau 1: Cho sé thuc ama a > 2. R(t gon biéu thirc Azl.{
a

Loi giai

Al [(a—l)x/ﬁ+1+(a_1)\/ﬁ_l}
a| Jarzda1 a-2dal

| () ()

2 \/(Jﬁ+1)2 \/( a—1-1)
1 _(x/aﬂ)(a—l—\/ﬁﬂ) ( a—l—l)(a—1+\/ﬁ+1)
a Ja-1+1 i a_1-1

=1.(a—\/a—1+a+\/a—1)=2 (doa>2=a-1>0;4/a-1-1>0).
a

(2,0 diémPE THI CHON HSG TINH HUNG YEN NAM HOQC 2016-2017

Cho azﬁ_l;b:\€+l. Tinh a’ +b".

Lai gidi

Tach: a+b=+/2 ;ab:%; a2+b2:(a+b)2—2ab:2—

N |-
N | W

Laic @’ +b" =(a+b°)(a’ +b*)-a’’(a+b).
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[ (a+b)'~3aba+b) | (a® +b?)" ~2a%* |-a'*(a+b).
{\/2_3—3.%.\/5}{( )—2—}_I \/’___\/’_ﬂ.

16 8 64

PE THI CHON HSG PHONG GIAO DUC VA PAO TAO HUYEN NAM TRUC
X2 —x  2x+ \/_ 2(x-1)
X +~/X +1 Jx f -

2.Cho x++/3 =2, tinh gia tri biéu thiac A=7(x*—4x)" +(x* ~4x)" +2016.

1. Rat gon biéu thirc: P = VG x>0 x =1,

Loi giai
X=X 2x+4x 2(X 1)
X+ X+1 J_ \/_ 1

(V1) Jx(2x+1) 2(x-1)(Vx +1)

= - +

1.Taco P=

X+~/X +1 Jx Jx-1
=&(&—1)—(2&+1)+2(&+1)
x—\&+1.

2. Taco: X+\/§:2:>X—2=—\/§:>(X—2)2 =3= X —4x+1=0=x*—4x=-1. Suy ra:

100

A=7(-1)" +(~1)" +2016 = 2024

PE THI HSG QUANG NGAI NAM HOQC 2018-2019

1) Rat gon biéu thuc: A= V5+3 + 3-4/5
J2+3+V5 2-3-5
x2—Jx X +x

2) Cho A=

x+«/§+1_x—\/;+1'

a) Néu diéu kién xac dinh va rat gon biéu thuc A.

b)bat B = A + x — 1. Tim gi4 tri nho nhét cua biéu thirc B .
Loi giai

J5+3 . 3-5
V24345 V2-\3-5

1) Taco A=
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Ao 5143 3.5 2(5+3) . V2(3-5)
) \/§+\/3+\/§+\/§—\/3—«/§ _2+\/6+2\/§ 2—\/6—2J§

VE(5+3)  E(s-4B) _VE(B+3) 2(a-F)

= +

R
=22,

ol

X2—Ix  x2+x
2. A= -

x+\/§+1 x—\/;+1
a) PKXb: x=0

x2 —Jx X2 + /X _\/;(\/x_e’—l) \/;(\/x_3+l)

A= - =
X+4/X +1 x—\/;+1 X+4/X +1 x—«/;+1

\/;(\/;—1)(x+ X +1) «/;(«/;Jrl)(x—«/;ﬂ)

X /X +1 X —~/X +1
=V (VX =1) = (VX +1) =x =X = x =YX = -24X .

b) B=A +x — 1 :—2&+x—1:x—2&—1=(&—1)2—22—2.

Déu “=" xay ra < Ix-1=0x=1 (théa man).

PE THI HSG VINH NAM HQC 2016-2017

. 4+ x*+5x+3-6
Tinh gia tri cta bicu thirc: P=\/X X FOXT tai x=1+32 +3/a.
I —2X° —Tx+3
Loi gidi
Taco x(%/i—l):(1+3/§+3/2)(3/§—1):2—1=1
Suy ra x¥2 = x+1=>2x* = (x+1)° hay x* =3x* +3x+1
Do d6
343X +14 X2 +5X+3—-6  /4xP +8X+4 -6

- V3 +3x+1-2x2 —7x+3 - X2 —4x+4
_1/4(x+1)2—6_2|x+]4—6_2(x+1)—6_2x—4_2

B (x—2)2 - x+2| O x—2  x=2

P

(vi x=1+32+34>2)
Vay P =2 tai x=1+%2+3/4.
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